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An a n a l y s i s  is  performed of t h e  e f f e c t  of f l u t t e r  on d a t a  recorded  
us ing  i n s t r u m e n t a t i o n  t ape  r e c o r d e r s .  F l u t t e r  is  assumed t o  c o n s i s t  of 
a Gauss ian  p e r t u r b a t i o n  i n  r eco rde r  speed and t o  have a f l a t  power spec-  
t r a l  d e n s i t y  ove r  t h e  f r e q u e n c i e s  of i n t e r e s t .  
A d d i t i o n a l l y ,  a system i s  proposed f o r  smoothing b i t - r a t e  v a r i a t i o n s  
i n  d i g i t a l  d a t a  due t o  f l u t t e r .  The system c o n s i s t s  of a b i i f f e r  w i t h  
t h e  o u t p u t  ra te  c o n t r o l l e d  by t h e  b u f f e r  queue l e n g t h .  Such a s y s t e m  
would be used i n  the  on-board s t o r a g e  f o r  de layed  t r a n s m i s s i o n  of d a t a  
from a space v e h i c l e .  
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I d e a l l y ,  a magnetic t ape  passes  a c r o s s  the  heads of a r e c o r d e r  a t  
a c o n s t a n t  l i n e a l  v e l o c i t y .  However, i n  p rac t i ce ,  mechanical imper fec t ions  
of t h e  r e c o r d e r  and t ape  cause t ape  v e l o c i t y  v a r i a t i o n s ,  hence a depar-  
ture  from t h e  i d e a l .  Some of t he  major sou rces  of t a p e  speed v a r i a t i o n s  
a s s o c i a t e d  w i t h  t h e  r e c o r d e r  a r e  e c c e n t r i c i t i e s  of t h e  t ape  r e e l s ,  cap- 
s t a n ,  and p inch  r o l l e r s  and imperfec t ions  of t h e  t a p e - t e n s i o n i n g  mechanism. 
Assoc ia ted  w i t h  the  t ape  i tself  i s  t h e  g r a n u l a r  t e x t u r e  of oxide c o a t i n g s ,  
which c o n t r i b u t e s  most of t h e  h ighe r  f requancy v a r i a t i o n s .  1 
I n  t h i s  r e p o r t ,  tape speed v a r i a t i o n s  a r e  r e f e r r e d  t o  as f l u t t e r ,  
which can be expressed  mathemat ica l ly  a s  
(1-1) 
v( t1-V g ( t )  = -- 
V 
whe r e  g ( t )  = i n s t an taneous  f l u t t e r ,  
v ( t >  = i n s t an taneous  t ape  v e l o c i t y ,  and 
V = mean tape v e l o c i t y .  
F l u t t e r  is  shown i n  t h i s  equa t ion  t o  be t h e  d e v i a t i o n  of i n s t a n t a n e o u s  
t a p e  v e l o c i t y  from t h e  mean t a p e  v e l o c i t y  expres sed  a s  a f r a c t i o n  of t h e  
mean v e l o c i t y .  Also ,  g ( t )  i s  seen  t o  have a ze ro  mean. 
Mechanical imper fec t ions  of t h e  r e c o r d e r  and t a p e ,  as  d e s c r i b e d  above, 
c o n t r i b u t e  t o  g ( t 1 .  The e c c e n t r i c i t i e s  of c i r c u l a r  r e c o r d e r  
S u p e r s c r i p t s  r e f e r  t o  numbered r e f e r e n c e s .  
1 
2 
mechanisms g ive  r i s e  t o  e s s e n t i a l l y  s i n u s o i d a l  components of g ( t )  due t o  
t h e  "once-around" a n g u l a r  f r e q u e n c i e s .  S ince  t h e r e  a r e  g e n e r a l l y  many 
such f requency  components having more o r  l e s s  random phase r e l a t i o n s h i p s ,  
t h e  power s p e c t r a l  d e n s i t y  w i l l  be r e l a t i v e l y  c o n s t a n t ,  and the  c e n t r a l  
l i m i t  theorem impl i e s  t h a t  t h e  ampli tude d e n s i t y  f u n c t i o n  of g ( t >  w i l l  be 
approximate ly  zero-mean Gaussian.  The many s i n u s o i d a l  components a r e  
g e n e r a l l y  found below 100 c y c l e s / s e c . ,  s i n c e  they  a r e  genera ted  by t h e  
e c c e n t r i c i t i e s  of r e l a t i v e l y  l a r g e  c i r c u l a r  mechanisms having r e l a t i v e l y  
low a n g u l a r  v e l o c i t i e s .  
2 
The f requency  components of g ( t >  above 100 c y c l e s / s e c .  are genera ted  
p r i m a r i l y  by t h e  f r i c t i o n a l  impulses wh ich  occur  a s  the  g r a n u l a r  s u r f a c e  
of t h e  t a p e  s l i d e s  a c r o s s  t h e  r eco rde r  heads and t ape -gu id ing  s u r f a c e s .  
The s p e c t r a l  d e n s i t y  of t h e s e  components is a l s o  r e l a t i v e l y  c o n s t a n t ,  
and t h e  ampli tude d e n s i t y  f u n c t i o n  i s  zero-mean Gaussian.  The magnitude 
of t h e  f l u t t e r  s p e c t r a l  d e n s i t y  above 100  c y c l e s / s e c .  is  g e n e r a l l y  much 
less than  below 100 c y c l e s / s e c .  when no t ape  speed-con t ro l  s e r v o  is 
used.  However f o r  t h e  purposes  of t h i s  r e p o r t  a uniform f l u t t e r  s p e c t r a l  
d e n s i t y  y i e l d s  s a t i s f a c t o r y  r e s u l t s  s i n c e  t h e  s p e c t r a l  d e n s i t y  is approxi -  
mated f o r  t h e  f requency  range of g r e a t e s t  i n t e r e s t .  
Based upon t h e s e  c o n s i d e r a t i o n s  t h e  model f o r  f l u t t e r  used i n  t h i s  
3 r e p o r t  i s  a s i g n a l  having a zero-mean Gauss ian  ampl i tude  d e n s i t y  f u n c t i o n  
and a c o n s t a n t  power s p e c t r a l  d e n s i t y .  
The purpose of t h i s  r e p o r t  is g e n e r a l l y  t o  l a y  a founda t ion  f o r  t h e  
t h e o r e t i c a l  t r e a t m e n t  of f l u t t e r  i n  i n s t r u m e n t a t i o n  r e c o r d e r s  and s p e c i f i -  
c a l l y  t o  propose a system f o r  smoothing b i t  r a t e  v a r i a t i o n s  i n  recorded 
d i g i t a l  d a t a .  These g o a l s  a r e  accomplished as fo l lows .  F i r s t ,  t h e  
t h e o r e t i c a l  f o u n d a t i o n  f o r  t r ea tmen t  of random f l u t t e r  i s  e s t a b l i s h e d  i n  
Chapter  11. The e f f e c t  of s u c h  f l u t t e r  on t h e  spectrum of a recorded 
3 
s i n u s o i d  and on t h e  b i t  rate of a d i g i t a l  s i g n a l  i s  i n v e s t i g a t e d ,  and 
means of e x p e r i m e n t a l l y  o b t a i n i n g  f l u t t e r  d a t a  is p r e s e n t e d .  
I n  Chapter  I11 a system t o  be used i n  c o n j u n c t i o n  w i t h  a d i g i t a l  
r e c o r d e r  f o r  "smoothing" b i t - r a t e  v a r i a t i o n s  i s  proposed.  A d d i t i o n a l l y ,  
a means i s  developed f o r  s p e c i f y i n g  t h e  pa rame te r s  f o r  t h e  proposed 
sys t em from expe r imen ta l  f l u t t e r  d a t a .  
The p o s s i b i l i t y  of u s i n g  a phase l o c k  loop  f o r  c o n t r o l l i n g  t h e  
b i t - r a t e - smoo th ing  system is  i n v e s t i g a t e d  i n  Chap te r  I V .  It i s  shown 
t h a t  t h e  phase-locked loop  system is  u n s u i t a b l e .  
4 
CHAPTER I1 
TAPE RECORDER FLUTTER ANALYSIS 
I n  t h i s  c h a p t e r  a t h e o r e t i c a l  t r e a t m e n t  of f l u t t e r  i s  developed 
f rom the  s t a n d p o i n t  of t ape  speed v a r i a t i o n s  d u r i n g  t h e  record  and 
p layback  o p e r a t i o n s .  Cons ide ra t ion  i s  g i v e n  t o  t h e  e f f e c t  of f l u t t e r  
on bo th  d i r e c t  recorded d a t a  s i g n a l s  and s i g n a l s  recorded u s i n g  f r e -  
quency modulat ion (FM) t echn iques .  It i s  found t h a t  bo th  r eco rd ing  
t echn iques  in t roduce  a time base e r r o r  (TBE) on t h e  recorded d a t a  s i g n a l  
which i s  t h e  i n t e g r a l  of t h e  f l u t t e r ,  g ( t > ,  as d e f i n e d  i n  Eq. 1-1. 
Af ter  deve lop ing  expres s ions  f o r  t h e  r e c o r d e r  o u t p u t  v o l t a g e  i n  
terms of f l u t t e r  and t h e  recorded s i g n a l ,  t h e  p a r t i c u l a r  case of a 
s i n u s o i d  f l u t t e r  component is  i n v e s t i g a t e d  when the  recorded  s i g n a l  
i s  a s i n u s o i d .  The r e s u l t s  g i v e  i n s i g h t  i n t o  t h e  e f f e c t  of f l u t t e r  on 
recorded  s i g n a l s .  
S ince  i n  p r a c t i c e  f l u t t e r  is n o t  s i n u s o i d a l  b u t  is r a t h e r  random 
i n  n a t u r e ,  a t h e o r e t i c a l  model f o r  random f l u t t e r  and TBE i s  nex t  
deve loped .  The t h e o r e t i c a l  model i s  t h e n  used t o  t r e a t  t h e  e f f e c t  of 
random f l u t t e r  on a recorded  s inuso id  and recorded  d i g i t a l  d a t a .  
F i n a l l y ,  a means of e x p e r i m e n t a l l y  measuring and p r e s e n t i n g  f l u t t e r  
and TBE d a t a  i s  g i v e n  a long  w i t h  t y p i c a l  p l o t s  of  such  d a t a .  
2.1 THEORETICAL DEVELOPMENT 
There are i n  g e n e r a l  t w o  t echn iques  used t o  record  s c i e n t i f i c  d a t a  
4 on t a p e s :  (1) d i r e c t  r eco rd ing  and ( 2 )  f r equency  modulat ion (FM) record-  
i ng .  I n  t h e  former  technique  the d a t a  s i g n a l  is  a m p l i f i e d  and a p p l i e d  
d i r e c t l y  t o  t h e  head c o i l s .  I n  t h e  l a t t e r  t echn ique  t h e  d a t a  s i g n a l  
f i r s t  f requency  modulates  a ca r r i e r  having  a f r equency  much g r e a t e r  
5 
t h a n  t h e  d a t a  bandwidth,  and then t h e  modulated c a r r i e r  is  recorded .  
Upon playback the  s i g n a l  is  f requency  demodulated i n  a FM d i s c r i m i n a t o r  
and t h e  d i s c r i m i n a t o r  ou tput  i s  a r e p l i c a  of t h e  d a t a  s igna l ,  a l t hough  
pe r tu rbed  by r e c o r d e r  f l u t t e r .  C o n s i d e r a t i o n  is  now g i v e n  t o  t h e  e f f e c t  
of  f l u t t e r  on t h e  d a t a  s i g n a l  when e i t h e r  of t h e s e  r eco rd ing  t echn iques  
i s  used.  The development i s  a l g e b r a i c a l l y  t e d i o u s  b u t  s t r a i g h t f o r w a r d  
and g i v e s  v a l u a b l e  i n s i g h t  i n t o  f l u t t e r  e f f e c t s .  
2 .1 .1  Direct Recording 
The l i n e a l  v e l o c i t y  under  the heads of a r e c o r d e r  t y p i c a l l y  has  a 
small  v a r i a t i o n  about  t h e  mean tape  v e l o c i t y .  Accord ingly ,  l e t  t h e  
i n s t a n t a n e o u s  record  t ape  v e l o c i t y ,  v ( t ) ,  be g iven  by 1 
where V1 = mean reco rd  t a p e  v e l o c i t y ,  
(2.1-11 
( a / 2 ) ~ ( t )  = i n s t an taneous  record  f l u t t e r ,  and 
a = peak-to-peak record  f l u t t e r .  
Fu r t  he r , Ip(t1l 5 1, and 
11 I 1  
where d e n o t e s  t h e  mean v a l u e .  The d i s t a n c e  a l o n g  t h e  t a p e ,  
s ( t  1, where t is  any i n s t a n t  d u r i n g  t h e  r eco rd  o p e r a t i o n ,  i s  g i v e n  by 1 1 
= V1 [tl (2.1-21 
S ince  t h e  i n t e g r a l  i n  t h e  second l i n e  of Eq. 2.1-2 is  seen  t o  be a 
p e r t u r b a t i o n  of t h e  t ime base  d u e  t o  record  f l u t t e r ,  it is conven ien t  t o  wr i t e  
II . -  
where h (t ) = time base  e r r o r  (TBE) d u e  t o  r eco rd  
f l u t t e r .  
Eq. 2.1-2 t h e n  becomes 
(2.1-4)  
Record t i m e  as  a f u n c t i o n  of d i s t a n c e  a l o n g  t h e  tape  and r e c o r d  "BE i s  
found from Eq. 2.1-4 t o  b e  
S (2 .1-5)  
i n  which s is  assumed t o  be a f u n c t i o n  of t i m e ,  t l .  
t y p i c a l l y  on t h e  o r d e r  of a m i l l i s e c o n d ,  t can  b e  approximated by 
tl = s/V1 i n  t h e  argument of TBE w i t h  l i t t l e  e r r o r .  
become s 
S i n c e  TBE i s  
1 
Eq.  2.1-5 t h e n  
( 2.1  - 6 )  
where t is  expres sed  i n  terms of d i s t a n c e  a l o n g  t h e  tape.  1 
Now assume t h a t  t h e  s i g n a l  t o  b e  r eco rded  i s  g i v e n  by e i ( t ) ,  
where t h e  s u b s c r i p t  "i" denotes  r e c o r d e r  " inpu t "  s i g n a l .  The f l u x  
e s t a b l i s h e d  on t h e  t a p e  d u r i n g  t h e  r eco rd  o p e r a t i o n  i s  p r o p o r t i o n a l  
t o  t h e  i n s t a n t a n e o u s  s i g n a l  v o l t a g e ,  i .e . ,  
5 
@(tl)  = k f e i ( t l ) ,  ( 2 .1 -7 )  
where 
7 
d ( t  ) = f l u x  i n  webers ,  and 
1 
kf = r e c o r d e r  g a i n  i n  webers /vol t .  
S u b s t i t u t i n g  Eq. 2.1-6 i n t o  Eq. 2.1-7 y i e l d s  f l u x  as a f u n c t i o n  of 
d i s t a n c e  a long  t h e  t a p e ,  
* 
+(SI kfe i  { s/V, - hl(s/V1)}. (2.1-81 
C o n s i d e r a t i o n  must now be g i v e n  t o  t h e  d e t e r m i n a t i o n  of t h e  r e c o r d e r  
o u t p u t  v o l t a g e  upon playback.  The r e c o r d e r  ou tpu t  v o l t a g e  is  s imply  pro- 
p o r t i o n a l  t o  t h e  t i m e  d e r i v a t i v e  of t h e  f l u x  i n  t h e  read head d u r i n g  p lay-  
back. S ince  t h i s  f l u x  is  p r o p o r t i o n a l  t o  t h e  f l u x  on t h e  t a p e  as g i v e n  




K =  
K =  
e ( t )  = 
hl ( t)  = 
i 
1 
- -  K - ds [ l-h;(s/V1)] e; {s/Vl-hl(s/Vl) VI d t  
p r o p o r t i o n a l i t y  c o n s t a n t ,  
K k f ,  
d e i ( t ) / d t ,  and 
dhl ( t ) / d t .  
v 
The i n s t a n t a n e o u s  playback t-ape v e l o c i t y ,  v2 ( t ) ,  i s  
v 2 ( t >  = d s / d t .  
I n  analogy t o  Eq. 2.1-1, v ( t)  can be expres sed  as 2 
r 1 
* 
Observe f u n c t i o n a l  n o t a t i o n ,  i . e . ,  e i s  a f u n c t i o n  of 
























Again ,  
V2 = mean playback t ape  v e l o c i t y ,  
(b/2)P(t)  = i n s t an taneous  playback f l u t t e r ,  and 
b = peak-to-peak playback f l u t t e r .  
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From E q .  2.1-3 n o t e  t h a t  
S u b s t i t u t i o n  of E q s .  2.1-10, 2.1-11, and 2.1-12 i n t o  E q .  2.1-9 y i e l d s  
x e; (s/V, - hl (sN1)} . (2.1-131 
It on ly  remains t o  e x p r e s s  s i n  terms of t ,  vhere  s i s  an impl ied  
f u n c t i o n  of t i n  E q .  2.1-13. Eqs. 2.1-10 and 2.1-11 g i v e  s as 
(2.1-14) 
I n  a manner analogous t o  E q .  2.1-3 f o r  record  f l u t t e r ,  we d e f i n e  a TBE,  
h 2 ( t ) ,  due t o  playback f l u t t e r  a s  
Using E q .  2.1-15, E q .  2.1-14 i s  w r i t t e n  as  
s = V2 [t + h 2 ( t ) ]  . 
(2.1-1 5) 

















S u b s t i t u t i o n  of Eq. 2.1-16 i n t o  Eq. 2.1-13 y i e l d s  
X ei{?F + h2(t)]  - hl [- v2 ( t  + h2(t))]  
v1 v1 
(2.1-17) 
which c a n  be r e w r i t t e n  as 
x p 1- - v2 (t + h2(t))]}ei{? [. + h 2 ( t )  - [; (t + h2(t))]]}. (2.1-181 
v1 v1 v2 
Now d e f i n e  a n  overall  TBE, h ( t ) ,  as 
h ( t )  A = h 2 ( t )  - - "hl{ - v2 [t + h2(tJ]} . 
v2 v1 
(2.1-19) 
and i n  ana logy  t o  Eqs. 2.1-3 and 2.1-15, an  o v e r a l l  f l u t t e r ,  g ( t 1 ,  as 
o r  
(2.1-20) 
The f u n c t i o n s  g ( t 1  and h ( t )  account  f o r  bo th  record  and p layback  f l u t t e r .  
S i n c e  TBE is shown t o  be t h e  in tegra l  of f l u t t e r ,  t h e  lower f l u t t e r  f r e -  
q u e n c i e s  s e r i o u s l y  a f f e c t  TBE. Eqs. 2 . 1 - 3  and 2.1-15 may be used i n  Eq. 
2.1-20 t o  y i e l d  




















S u b s t i t u t i o n  of Eqs.  2.1-19 and 2 . 1 - 2 1  i n t o  Eq. 2 .1-18  y i e l d s  t h e  r e l a -  
t i v e l y  s imple  r e s u l t  
V 
e o ( t )  = K 2 [l + g( t ) ]  ei{-i [t + h(tl]} . (2.1-22) 
v1 v1 
Eq. 2.1-22 shows t h a t  t h e  o v e r a l l  e f f e c t  of  f l u t t e r  i s  t o  i n t r o d u c e  
an  ampl i tude  modula t ion  (AM) term, 1 + g ( t ) ,  on t h e  o u t p u t  s i g n a l  and 
a l so  t o  change t h e  time base  t o  t h e  form t + h ( t ) .  Of c o u r s e ,  i n  d i r e c t  
r e c o r d i n g  t h e  r e c o r d e r  d i f f e r e n t i a t e s  t h e  i n p u t  s i g n a l  a s  denoted  by t h e  
prime i n  Eq. 2.1-22. Note t h a t  no d e s c r i p t i o n  of g ( t )  o r  h ( t 1  has  been 
g i v e n  t o  t h i s  p o i n t  i n  t h e  development ,  and t h e  e q u a t i o n s  g i v e n  app ly  
f o r  any p a r t i c u l a r  g ( t )  o r  h ( t )  d e s i r e d .  S e c t i o n  2 .2  t r e a t s  t h e  case 
when g ( t >  is  s i n u s o i d a l  and S e c t i o n s  2 . 3 ,  2 .4 ,  and 2.5 c o n s i d e r  t h e  
c a s e  when g ( t >  is a Gauss ian  random v a r i a b l e  w i t h  a f l a t  s p e c t r a l  d e n s i t y .  
2.1.2 FM Recording 
C o n s i d e r a t i o n  now is g i v e n  t o  t h e  second major t echn ique  f o r  record-  
i ng  s c i e n t i f i c  d a t a ,  namely FM reco rd ing .  I n  FM r e c o r d i n g  t h e  d a t a  
s i g n a l  is  used t o  f r equency  m o d u l a t e  a ca r r i e r  f r equency  p r i o r  t o  r eco rd -  
ing .  The f requency  modulated c a r r i e r ,  e i ( t > ,  is  t h e n  a p p l i e d  t o  t h e  
record  head and upon p layback  the  o u t p u t  vo l tage ,  e o ( t ) ,  is f r equency  
demodulated t o  re t r ieve  t h e  d a t a  s i g n a l .  The r e s u l t s  of S e c t i o n  2.1.1 
may be used t o  o b t a i n  t h e  t r a n s f o r m a t i o n  from e . ( t >  t o  e o ( t ) ,  b u t  cons ide r -  
1 
1 



















a t i o n  m u s t  be g iven  t o  the  f requency  modulat ion and demodulat ion s t e p s .  
L e t  t he  d a t a  s i g n a l  t o  be recorded be g iven  by e , ( t ) ,  which is  
used t o  f requency  modulate t h e  c a r r i e r  waveform. The s i g n a l  t o  be 
r eco rded ,  e i ( t ) ,  i s  j u s t  an  J?M s i g n a l  g iven  by 
whe re E = c a r r i e r  ampl i tude ,  
w = c a r r i e r  f r equency ,  
C 
C 
= peak ca r r i e r  f requency  d e v i a t i o n  , and 
Em = maximum value e ( t) .  
m 
(2.1-23) 
Assuming t h e  record  and playback mean t a p e  v e l o c i t i e s  a r e  equa l  (V 
t h e  r e c o r d e r  o u t p u t  v o l t a g e  be fo re  f requency  demodulat ion i s  g i v e n  by 
Eq. 2.1-22 as 
= V 2 ) ,  1 
C {u [t + h(t)]  
C 
e ( t)  = KE o + g(t)]  
m 
E 0 c c  
(2.1-24) 
T h i s  s i g n a l  is  nex t  f r equency  demodulated i n  an  FM d i s c r i m i n a t o r  t h a t  
c l i p s  t h e  AM terms and y i e l d s  an o u t p u t  v o l t a g e ,  e ( t ) ,  p r o p o r t i o n a l  
t o  t h e  i n s t a n t a n e o u s  f r equency  of t h e  c o s i n e  t e r m . s i n c e  e ( t )  is  t h e  





where K is t h e  d i s c r i m i n a t o r  g a i n  i n  v o l t s / r a d . / s e c .  d 
When t h e  d i s c r i m i n a t o r  is balanced t o  y i e l d  z e r o  v o l t s  o u t p u t  f o r  
an  i n p u t  f requency  of o rad. /sec. ,  t h e  d c  term w i t h i n  t h e  b races  i n  
Eq. 2.1-25 is n o t  p r e s e n t  i n  t h e  o u t p u t .  The peak va lue  of g ( t >  i s  
C 
t y p i c a l l y  on t h e  o r d e r  of .005 (cor responding  t o  1% peak-to-peak f l u t t e r ) ,  
hence t h e  term invo lv ing  g ( t >  i s  n e g l e c t e d .  With t h e s e  s i m p l i f i c a t i o n s  
Eq. 2.1-25 may be w r i t t e n  as  
e [t + h(t)]  
m 
m e d ( t )  = K AU -- . 
E d c  
(2.1-261 
Comparison of Eq. 2.1-22 wi th  Eq. 2.1-26 shows t h a t  bo th  d i r e c t  and 
FM reco rd ing  in t roduce  a TBE on the recorded  d a t a  s i g n a l .  I n  a d d i t i o n ,  
d i r e c t  r eco rd ing  resu l t s  i n  t h e  d i f f e r e n t i a t i o n  of  t h e  input  d a t a  s i g n a l  
whereas  FM r e c o r d i n g  does n o t .  The impor tan t  p o i n t  i s  t h a t  TBE is the  
most prominent f l u t t e r  e f f e c t .  
Now t h a t  g e n e r a l  e x p r e s s i o n s  have been d e r i v e d  which t h e o r e t i c a l l y  
d e s c r i b e  t h e  e f f e c t s  of f l u t t e r  on g e n e r a l  recorded  s i g n a l s ,  it is i n s t r u c t -  
ive t o  c o n s i d e r  s p e c i f i c  forms of f l u t t e r  and recorded s i g n a l s  f o r  g a i n i n g  
i n s i g h t  i n t o  t h e s e  e f f e c t s .  This  i s  t h e  s u b j e c t  of t h e  n e x t  f o u r  s e c t i o n s .  
2 .2  EFFECT OF SINUSOIDAL FLUTTER O N  A DIRECT RECORDED SINUSOID 
As an example of t he  a p p l i c a t i o n  of t h e  t h e o r e t i c a l  development 
g i v e n  i n  S e c t i o n  2 .1 ,  c o n s i d e r a t i o n  is now g iven  t o  t h e  s imple case of 
a s i n g l e  s i n u s o i d a l  f l u t t e r  component p e r t u r b i n g  a d i r e c t  recorded  s i n u s o i d a l  
s i g n a l .  L e t  t h e  s i g n a l  t o  be recorded be g i v e n  by 
e i ( t >  = E s i n  w t ,  
S S 
and t h e  f l u t t e r  be g iven  by 
( 2 . 2 - 1  
g ( t )  = ( a / 2 j  cos o t . 
f 
S i n c e  TBE is  t h e  i n t e g r a l  of f l u t t e r ,  
13 
(2.2-2)  
S i n c e  t h e  s i g n a l  i s  d i r e c t  recorded ,  E q .  2.1-22 g i v e s  t h e  r e c o r d e r  ou t -  
p u t  v o l t a g e  a s  
S i n c e  peak-to-peak f l u t t e r  "a" is small (on t h e  o r d e r  of  .01) t h e  AM 
term may be n e g l e c t e d .  Also, i f  t h e  c o n s t a n t s ,  which d o  n o t  a f f e c t  t h e  
s p e c t r a l  d i s t r i b u t i o n  of e o ( t ) ,  are  n e g l e c t e d ,  and V 
e q u a l ,  Eq. 2.2-4 becomes 
and V a r e  assumed 1 2 
ao 
S e ( t1  = cos (w t + -- s i n  o f t ) .  
0 S 
2wf 
From Eq. 2.2-5, e ( t )  i s  seen t o  be a s i g n a l  f r equency  modulated 
0 ao 
S 









Observe i n  Eq. 2.2-6 t h a t  mf i s  dependent  on b o t h  t h e  ampl i tude  of t h e  
s i n u s o i d a l  f l u t t e r  and t h e  r a t i o  of s i g n a l  f r equency  t o  f l u t t e r  f r equency .  
F o r  low-frequency f l u t t e r  components m can  be q u i t e  large.  f 
S u b s t i t u t i n g  E q .  2.2-6 i n t o  E q .  2.2-5 y i e l d s  
e ( t)  = cos (w t + m s i n  w t) .  
0 S f f 
6 which can  be expanded i n  terms of Bessel f u n c t i o n s  , g i v i n g  
(2.2-71 
R 14 
e o ( t >  = J (mf)cos w s t  + J 1 f  (m )cos(os  + of) t  + J2(mf)cos(w S + 2Uf)t  + . 
0 
. .  
-J (m >cos(w - w f ) t  + J2(mf)cos(w - 2wf)t  - . . . , (2.2-8) 1 f  S S 
where J n ( m f >  4 nth o r d e r  Besse l  f u n c t i o n  of the  f i r s t  k ind .  
Eq. 2.2-8 i n d i c a t e s  t h a t  t h e r e  is an  i n f i n i t e  number of s idebands  gene ra t ed  
by f l u t t e r  about  t h e  s i g n a l  f requency ,  w and spaced a t  i n t e r v a l s  of t h e  
S’ 
f l u t t e r  f requency ,  w A c t u a l l y ,  f o r  m c.6, on ly  t h e  f i r s t  p a i r  of s i d e -  
bands i s  s i g n i f i c a n t .  F o r  h ighe r  v a l u e s  of m t h e  bandwidth,  W ,  occupied 
f ’  f 
f 
by e ( t)  is approximate ly  
0 
w = B m f w f ,  (2.2-9) 
where i s  de termined  from F i g .  2.2-1. I n  Eq. 2.2-9 and F i g .  2.2-1 
s idebands  having a r e l a t i v e  ampl i tude  less  t h a n  0.01 a r e  n e g l e c t e d .  
The resu l t s  of t h i s  s e c t i o n  show t h e  adve r se  e f f e c t  of low f r equency  
f l u t t e r  components, e s p e c i a l l y  on t h e  h i g h e r  recorded  f r e q u e n c i e s .  I f  
it i s  d e s i r e d  t o  recover most of t h e  power i n  t h e  recorded s i g n a l ,  Eq. 
2.2-9 and F i g .  2.2-1 de t e rmine  the bandwidth,  W ,  c e n t e r e d  on w f o r  
do ing  so.  I n  g e n e r a l ,  t h e  g r e a t e r  m t h e  more t h e  recorded spec t rum 
is s p r e a d ,  and consequen t ly ,  the  g r e a t e r  W w i l l  be .  
S 
f ’  
2.3 RANDOM FLUTTER AND TBE SPECTRA 
It has  been mentioned t h a t  s i n c e  TBE is  t h e  i n t e g r a l  of f l u t t e r ,  
l o w  f r equency  components of f l u t t e r  can s e r i o u s l y  a f f e c t  TBE. Reduc- 
t i o n  of TBE is  accomplished on s e v e r a l  modern i n s t r u m e n t a t i o n  r e c o r d e r s  
by employing a f a s t - p o s i t i o n  se rvo  speed c o n t r o l  t o  p r a c t i c a l l y  e l i m i n a t e  
t h e s e  low f requency  f l u t t e r  components i n  t h e  band from 0 t o  w l ,  where 
8 
w t h e  response  of t h e  s e r v o ,  is u s u a l l y  on t h e  o r d e r  of 100 cyc le s / sec .  

















































s e r v o  bu t  t h e  Tl3E i s  t y p i c a l l y  reduced from t h e  o r d e r  of a mi l l i s econd  
t o  a m i c r o s e ~ o n d . ~  The remaining f l u t t e r  i s  found t o  have e s s e n t i a l l y  
a uniform spectrum from around 100 c y c l e s / s e c .  t o  1 0  k i l o c y c l e s / s e c .  
G(w), t h e  s p e c t r a l  d e n s i t y  of g ( t ) ,  can  t h e r e f o r e  be approximated by t h e  
c o n s t a n t  d e n s i t y  shown i n  F i g .  2.3-1. The remaining f l u t t e r  is  a l s o  
q u i t e  random, and i t s  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  is  approximate ly  
Gauss ian .  I n  t h e  absence of s e rvo  speed c o n t r o l  t h e  spec t rum w i l l  s t i l l  
be cons ide red  f l a t  o v e r  t h e  f requency  range of i n t e r e s t  and t h e  proba- 
b i l i t y  d e n s i t y  f u n c t i o n  f o r  f l u t t e r  is  assumed t o  be Gauss ian  as ou t -  
l i n e d  i n  Chap te r  I .  
From Eq. 2.1-20 and F i g .  2.3-1 it i s  seen  t h a t  
0 
G - -  
2 
w 
f o r  w c w  <02 where 1 
H(w) = TBE s p e c t r a l  d e n s i t y ,  and 
G ( o )  = f l u t t e r  s p e c t r a l  d e n s i t y .  
L e t  H(w) be de f ined  by 
2 
H(w) = 0 H .(w>, h n  
2 
0 = mean-square TBE, and h where 
H,(O) = normalized TBE s p e c t r a l  d e n s i t y .  
H (a) has  t h e  p r o p e r t y  t h a t  n 
From E q .  2.3-1 




(2 .3-2)  
(2.3-3) 





where C = a c o n s t a n t .  
S u b s t i t u t i n g  Eq. 2.3-4 i n t o  Eq.  2.3-3 de t e rmines  t h e  c o n s t a n t  
w w  c = - .  1 2  
w -w 2 1  
T h e r e f o r e  from Eq. 2.3-4, 
1 H (0) = -- - n 2 w -w w 
w w  1 2  
2 1  
and f i n a l l y  from Eqs. 2 . 3 - 2  and 2.3-5, 
1 
2 
0 -w 0 
o w  2 1 2  H(u)  = Oh --- . 
2 1  
(2.3-5) 
(2.3-6) 
H(o) is p l o t t e d  i n  F i g .  2.3-2, and t h e  s e r i o u s n e s s  of low f r equency  
f l u t t e r  components on TBE is c l e a r l y  demons t r a t ed .  
S u b s t i t u t i o n  of Eq. 2.3-6 i n t o  Eq. 2.3-1 y i e l d s  
o r  
G (W -0 1 2 0 2 1  
h 
o =  -- 
0 0  1 2  
F i g .  2.3-1 shows t h a t  t h e  mean-square f l u t t e r ,  o 2 is g i v e n  by 
g '  
o2 = G (w -w ) g 0 2 1 '  
Combining Eqs. 2.3-8 and 2.3-7 g i v e s  
* 
t h u s  r e l a t i n g  oh and o . 
g 




The u n i t s  of TBE are seconds  and f l u t t e r  i s  d i m e n s i o n l e s s ,  b e i n g  
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Note i n  Eq. 2 .3-9 t h a t  as o1 tends  t o  z e r o ,  a t ends  t o  i n f i n i t y  
h 
even though a is a r b i t r a r i l y  small. Th i s  a g a i n  i n d i c a t e s  t h e  adverse  
e f f e c t  low f requency  f l u t t e r  components have on TBE and the  d e s i r a b i l i t y  
of u s ing  s e r v o  speed c o n t r o l  wi th  s u f f i c i e n t  response t o  e l i m i n a t e  the  
e x o r b i t a n t  TBE due t o  low f r e q u e n c i e s  i n  t h e  f l u t t e r  spectrum. 
f3 
One of t h e  p r o p e r t i e s  of a Gaussian random v a r i a b l e  i s  t h a t  any 
l i n e a r  o p e r a t i o n  on the  v a r i a b l e  y i e l d s  a n o t h e r  Gaussian random v a r i a b l e .  
S ince  f l u t t e r  is a Gaussian random v a r i a b l e  and s i n c e  TBE i s  t h e  r e s u l t  
of t he  l i n e a r  o p e r a t i o n  of i n t e g r a t i o n  on f l u t t e r ,  TBE i s  a l s o  a G a u s s i a n  
random v a r i a b l e .  Thus f l u t t e r  and TBE are Gauss ian ,  and meaningful 
peak-to-peak v a l u e s  might be given a s  t h e  + 3 a v a l u e s ,  i . e . ,  
10 
- 
peak-to-peak TBE = 6 ah’ (2.3- 10) 
and 
(2.3-11) peak-to-peak f l u t t e r  = 6 a 
g’  
Random f l u t t e r  and TBE have now been t r e a t e d  t h e o r e t i c a l l y  i n  t h a t  
t h e  s p e c t r a l  d e n s i t i e s  and p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  have been de- 
s c r i b e d .  I n  t h e  next  few s e c t i o n s  t h i s  t h e o r e t i c a l  d e s c r i p t i o n  is  app l i ed  
t o  s e v e r a l  c a s e s  of recorded s i g n a l s .  I n  p a r t i c u l a r  t h e  e f f e c t  of random 
f l u t t e r  on a recorded s i n u s o i d  and on d i g i t a l  d a t a  i s  i n v e s t i g a t e d .  
2.4 EFFECT OF RANDOM F%UTTER ON A DIRECT RECORDED SINUSOID 
Now t h a t  random f l u t t e r  and TBE have been d e s c r i b e d  t h e o r e t i c a l l y  
it i s  i n s t r u c t i v e  t o  c o n s i d e r  the e f f e c t  of such f l u t t e r  on a recorded 
s i n u s o i d .  The r e s u l t s  g iven  here a r e  from an a r t i c l e  by Chao. 
11 
Le t  t he  recorded s i g n a l  be g iven  by 




Assuming d i r e c t  r eco rd ing  the  r eco rde r  ou tpu t  v o l t a g e  i s  g i v e n * b y  
Eq. 2.1-22. 1 
and t h e  AM term,  Eq. 2.1-22 g i v e s  
Upon l e t t i n g  V2 = V and n e g l e c t i n g  t h e  c o n s t a n t  m u l t i p l i e r s  
e o ( t l  = cos w [t + h ( t ) ]  . 
S 
(2 .4-1)  
Chao has  analyzed t h i s  s i g n a l  f o r  s p e c t r a l  d e n s i t y  when h ( t )  is a 
Gauss ian  random p r o c e s s  having a s p e c t r a l  d e n s i t y  l i k e  t h a t  shown i n  
F i g .  2.3-2.  The resu l t s  a r e  presented  below. 
2 .4 .1  Case 1: w: 0; <<l 
Case 1 cor responds  t o  small TBE p e r t u r b a t i o n s .  Chao shows t h a t  a 
d i s c r e t e  s p e c t r a l  component appears  a t  w = w having  power of 1/2 (1-0 0 ) 
and t h e  remainder  of t h e  power, 1/2 wsnh , is  "smeared" c o n t i n u o u s l y  
2 2  
S s h  
2 2  
about  w = w as shown i n  F i g .  2.4-1.  The d i s t r i b u t i o n  of t h e  cont inuous  
S 
c) 
spectrum w i t h  r e spec t  t o  w is  Gaussian wi th  v a r i a n c e  cr' = 2 w w a s  
0 1 2  
S 
shown i n  F i g .  2.4-1.  
where 
The s p e c t r a l  d e n s i t y  of e ( t )  g iven  by Chao is 
2 0 - (&-Us 
G = s p e c t r a l  d e n s i t y  of f l u t t e r ,  and 
0 
6(o-w ) = Dfrac d e l t a  f u n c t i o n .  
S 
I f  i s  i n t e g r a t e d  ove r  a l l  f r e q u e n c i e s  from 0 t o  i n f i n i t y ,  t h e  
t o t a l  power i n  e o ( t ) ,  P t ,  i s  
0 0  












2 2  
2.4.2 Case 2 :  us oh >>1 
Case 2 cor re sponds  t o  seve re  TBE. Chao shows t h a t  t h e  s p e c t r a l  




(2 .4-3)  
Observe now t h a t  no d i s c r e t e  component appea r s  a t  w = ws because t h e  
TBE i s  seve re  enough t o  "smear" t h e  power i n  t h e  s i n u s o i d  con t inuous ly  
w i t h  r e s p e c t  t o  w. The d i s t r i b u t i o n  is  seen  t o  be Gauss ian  w i t h  a 
v a r i a n c e  of 
2 2  
s h 1 2 '  





Using Eq. 2.3-9  t o  e x p r e s s  Eq. 2.4-4 i n  te rms  of (T y i e l d s  
0 2 = 2 w a  2 2  . 
w s g  S 
(2.4-4) 
(2 .4-5)  
F i g .  2.4-2 shows + (a) f o r  two d i f f e r e n t  s i g n a l  f r e q u e n c i e s ,  e e  
0 0  
w and w where w > w Note t h a t  t h e  smearing e f f e c t  is  more sl s2 ' s 2  s l '  
pronounced a s  w i n c r e a s e s ,  t end ing  toward a f l a t  s p e c t r a l  d e n s i t y  f o r  
S 
l a r g e  us. 
2.5 EFFECT OF RANDOM FLUTTER ON DIGITAL DATA 
I n  t h i s  s e c t i o n  c o n s i d e r a t i o n  is  g iven  t o  t h e  e f f e c t  of r e c o r d e r  
f l u t t e r  upon the  b i t - t o - b i t  spac ing  (def ined  a s  t h e  time i n t e r v a l  between 
t h e  l e a d i n g  edges  of t w o  consecu t ive  b i t s  i n  a recorded  d i g i t a l  sequence)  













f l u t t e r  is  assumed t o  be Gaussian w i t h  a f l a t  spectral  d e n s i t y .  The 
r e s u l t s  are g iven  f o r  a r eco rde r  w i t h  or w i t h o u t  a speed-con t ro l  s e r v o .  
2 .5 .1  E f f e c t  of Random F l u t t e r  on B i t - t o - B i t  Spacing 
L e t  a d i g i t a l  s i g n a l  be recorded a t  a c o n s t a n t  b i t  r a t e  of R b i t s / s e c . ,  
0 
as rep resen ted  by F i g .  2 . 5 - l ( a ) .  I d e a l l y ,  t h e  b i t - t o - b i t  spac ing ,  T, upon 
p layback ,  is T = 1 / R  seconds a s  shown i n  F i g .  2 . 5 - l ( a ) .  However t h e  
ith b i t  i n  t h e  d i g i t a l  sequence does  no t  occur  a t  i t s  c o r r e c t  l o c a t i o n  
0 
i n  time , t b . ,  where- t 
shown i n  F i g .  2 .Sq l (b ) .  The f u n c t i o n ,  h ( t  1, g i v e s  t h e  time i n  seconds 
= i / R o ,  due t o  t h e  TBE a t  t = t , h ( t b  ), as 
1 bi bi i 
b: 
by which t h e  ith b i t  d e v i a t e s  from t h e  c o r r i c t  time l o c a t i o n ,  t , as 
b; L 
shown i n  F i g .  2 . 5 - l ( b ) .  S i n c e  t h e r e  a re  N b i t s  i n  t h e  recorded d i g i t a l  
sequence ,  t h e r e  is a TBE, h ( t  >, a s s o c i a t e d  w i t h  e a c h  of t h e  N b i t s ,  
and t h e  s e t  of N TBE's is  composed of samples  of t h e  Gauss ian  random pro- 
bi 
cess, h ( t ) ,  t a k e n  e v e r y  l / R o  seconds.  
TBE's is  c h a r a c t e r i z e d  by a Gaussian p r o b a b i l i t y  d e n s i t y  f u n c t i o n  w i t h  
S i n c e  N i s  v e r y  l a r g e ,  t h e  s e t  of 
2 
h' v a r i a n c e  Hence 
2 
-4 
2 0  2 h 1 
(2.5-1) 
where p,(4) p r o b a b i l i t y  d e n s i t y  f u n c t i o n  of h ( t  1. 
bi 
I n  de te rmin ing  t h e  p r o b a b i l i t y  d e n s i t y  of t h e  b i t - t o - b i t  s p a c i n g ,  
t g ,  upon p layback ,  it is necessa ry  t o  f i n d  t h e  c o r r e l a t i o n  between t h e  
two c o n s e c u t i v e  TBE's, h ( t b  ) and h ( t b  
f a c t  t h a t  tB i n  F i g .  2 .5 - l (b )  can be w r i t t e n  as 
). This  is  e v i d e n t  from t h e  
i i+ 1 
1 
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- + h ( t b  )3 - k b  + h ( t b  )] 
tB - E b i + l  i+ 1 i i 
= [tb - t b ]  + f ( t  ) - h ( t b  I] . i+l i bi+l i 
B u t  a s  s e e n  i n  F i g .  2 . 5 - l ( a ) ,  ( tb - t ) is  j u s t  1 /R so  tB may be 
w r i t t e n  a s  
0 i+ 1 bi 
= l/Ro + h ( t b  - h ( t b  . 
i+ 1 i tB 
(2.5-2) 
S i n c e  h ( t  ) f o r  a l l  i is  a zero-mean Gaussian random v a r i a b l e  (see 
Eq. 2 . 5 - l ) ,  t h e  mean of tB is 1/R 
bi 
seconds ,  a s  one would e x p e c t .  
0 
Eq. 2.5-2 shows t h a t  t i s  dependent  upon t h e  TBE a t  two c o n s e c u t i v e  B 
b i t  t imes,  tb and tb . To f i n d  t h e  p r o b a b i l i t y  d e n s i t y  of tB it is  
n e c e s s a r y  t o  f i n d  t h e  c o r r e l p t i o n  between t h e  random v a r i a b l e s  h ( t  
h ( t b  which is  d e f i n e d  a s  




where %(T) is t h e  a u t o c o r r e l a t i o n  of h ( t ) .  
t h e  i n v e r s e  F o u r i e r  t r a n s f o r m  of H b ) ,  i . e . ,  
\(T) is  found by t a k i n g  
1 2  
S u b s t i t u t i n g  Eq. 2.3-6 i n  t h i s  d e f i n i t i o n  g i v e s  
w o T  
c o s  w T + - cos w 7; - -- 1 2  
2 1  
1 
2 1  
0 
w -w 2 w -w 
whe re 
X 
s i n 4  13 si  x iJo -do< = s i n e  i n t e g r a l  f u n c t i o n .  
4 
2% 
S i n c e  w >W f o r  a t y p i c a l  r e c o r d e r ,  Eq. 2 , 5 - 3  becomes 
2 1  
Chao g i v e s  an  approximat ion  f o r  t h e  g i v e n  by Eq. 2.5-4 as 
2 





t B  , Using S ( l / R o ) ,  t h e  p r o b a b i l i t y  d e n s i t y  f o r  b i t - t o - b i t  s p a c i n g ,  
d e r i v e d  i n  Appendix A and t h e  r e s u l t  is 
------- p _  = - -  e (2.5-7) 
where P ( A )  = p r o b a b i l i t y  d e n s i t y  f o r  b i t - t o - b i t  s p a c i n g .  
t B  
Note i n  Eq. 2 .5 -7  t h a t  t i s  normal ly  d i s t r i b u t e d  w i t h  v a r i a n c e  B 
2 , where 
tB 
(2.5-8) 
S u b s t i t u t i o n  of Eq. 2.3-9 i n t o  Eq. 2.5-8 y i e l d s  (7 i n  terms of (7 i . e . ,  
tB g '  
Q =  
tB w w  I 1 2  
(2.5-9)  
29 
I f  w1 i s  ve ry  small (as on a t a p e  t r a n s p o r t  w i thou t  s e r v o  speed c o n t r o l )  
o r  R >7w2,  t h e n  t h e  exponent ia l  i n  Eq, 2.5-9 may be expanded i n  a ser ies  
0 
w, w, 
L L  and second and h i g h e r  o r d e r  terms of -neg lec t ed  s i n c e ,  i n  t h i s  c a s e ,  2 
0 
R w w  
cc 1. Th i s  y i e l d s  1 2  -- 
R2 
0 
r T =  
t B  
o r  
L J 
P ( 4 )  may now be w r i t t e n  a s  
t B  
(2.5-10) 
(2.5-11) 
I n  summary, t h e  r e s u l t s  of t h i s  s e c t i o n  have shown t h a t  random 
f l u t t e r  causes  t h e  b i t - t o - b i t  spac ing  of a d i g i t a l  s i g n a l  t o  va ry  randomly 
w i t h  a Gauss ian  p r o b a b i l i t y  d e n s i t y  f u n c t i o n .  These r e s u l t s  a r e  v a l i d  
f o r  a r e c o r d e r  w i t h  o r  w i t h o u t  s e r v o  c o n t r o l .  I n  p a r t i c u l a r ,  Eq. 2.5-11 
i s  v a l i d  i n  e i t h e r  c a s e  (as long as -2 <c1). C o n s i d e r a t i o n  is  g iven  
i n  t h e  fo l lowing  s e c t i o n  t o  the e f f e c t  of f l u t t e r  on the  b i t  ra te  of a 
o w  
R O  
d i g i t a l  s i g n a l .  
2 .5 .2  E f f e c t  of Random F l u t t e r  on B i t  Rate 
The i n s t a n t a n e o u s  b i t  r a t e  f rom a d i g i t a l  r e c o r d e r  is d i r e c t l y  
p r o p o r t i o n a l  t o  t h e  in s t an taneous  t a p e  v e l o c i t y  under  t h e  read head. I f  
t h e  t a p e  packing d e n s i t y  i n  b i t s /me te r  due t o  t h e  recorded  d i g i t a l  s i g n a l  
i s  D ,  t hen  t h e  i n s t a n t a n e o u s  b i t  ra te  is 


















3 0  
(2.5-12) 
where v ( t )  = i n s t a n t a n e o u s  t ape  v e l o c i t y .  
B u t  v ( t >  can be expressed  i n  terms of f l u t t e r  from Eq. 1-1, and r ( t 1  
t h e n  be comes 
r ( t )  = D V g ( t 1  + DV. (2.5-13) 
so  Eq. 2.5-13 may be 
RO 
Observe t h a t  DV is  j u s t  t h e  mean b i t  r a t e ,  
w r i t t e n  as 




S i n c e  g ( t )  i s  a zero-mean Gaussian random process  w i t h  v a r i a n c e  Q 
r ( t1  i s  seen  t o  be a Gauss ian  random process  w i t h  mean R and v a r i a n c e  
R 
2.3-1 t h e  v a r i a t i o n  of r ( t )  about R 
g i v e n  by 
g’  
0 
2 2  
o g  
. Also  s i n c e  g ( t )  has a f l a t  s p e c t r a l  d e n s i t y  as shown i n  F i g .  
has  a f l a t  s p e c t r a l  d e n s i t y ,  @rr(o),  
0 
(2.5-1 5)  
I n  S e c t i o n  2 .4  it w a s  shown t h a t  a s i n u s o i d  pe r tu rbed  by random 
f l u t t e r  g i v e s  a r e c o r d e r  ou tpu t  of 
e o ( t >  = cos o S [t + h(t)]  . (2.4-1) 
The i n s t a n t a n e o u s  f requency ,  f ( t ) ,  of t h i s  f l u t t e r - p e r t u r b e d  s i n u s o i d  
is  t h e  time d e r i v a t i v e  of t h e  argument, g i v e n  by 
f ( t )  = f + f s g ( t > .  (2.5-16) 
S 
Comparison of Eqs. 2.5-14 and 2.5-16 shows t h a t  i f  f = R t h e  i n s t a n -  
t aneous  b i t - r a t e  v a r i a t i o n s  of a d i g i t a l  s i g n a l  are t h e  same as t h e  
i n s t a n t a n e o u s  f requency  v a r i a t i o n s  of a s i n u s o i d  when t h e  b i t  ra te  and 
f r equency  are  numer i ca l ly  equal .  T h i s  f a c t  i s  e x p l o i t e d  i n  S e c t i o n s  





2.6 MEASUREMENT AND PRESENTATION OF FLUTTER DATA 
An expe r imen ta l  s e t u p  f o r  o b t a i n i n g  f l u t t e r  and TBE d a t a  is  
diagrammed i n  F i g .  2.6-1. Eqs.  2.1-19 and 2.1-20 i n d i c a t e  t h a t  g ( t )  
and h ( t )  are dependent  upon the playback-to-record mean speed r a t i o ,  
V2/V1. 
made a t  t h e  r a t i o  of i n t e r e s t .  
The re fo re  a l l  f l u t t e r  measurements d e s c r i b e d  h e r e i n  m u s t  be 
To demonst ra te  how t h e  se tup  shown i n  F i g .  2.6-1 is  used t o  o b t a i n  
f l u t t e r  d a t a  l e t  t h e  d i r e c t  recorded s i g n a l  be 
e i ( t >  = E s i n  w t .  
0 0 
Eq. 2.1-22 g i v e s  t h e  r e c o r d e r  ou tput  v o l t a g e  as 
(2.6-1) 
e 0 ( t )  = K Eowo [l + g ( t ) ]  cos [w 0 t + w 0 h ( t ) ]  . (2 .6-2)  
The r e c o r d e r  ou tpu t  is f e d  t o  t h e  i npu t  of an  FM d i s c r i m i n a t o r  as 
shown i n  F i g .  2.6-1. The d i s c r i m i n a t o r  is ba lanced  t o  z e r o  ou tpu t  v o l t a g e  
f o r  a f requency  input  of w rad./sec. The o u t p u t  of t h e  d i s c r i m i n a t o r  i s  
p r o p o r t i o n a l  t o  the  in s t an taneous  f requency  of t h e  c o s i n e  term which i s  
j u s t  t he  d e r i v a t i v e  w i t h  r e spec t  t o  time of i t s  argument ,  i . e .  
0 
e d ( t )  = Kdwog(t), (2.6-3) 
whe re ed ( t )  = d i s c r i m i n a t o r  ou tpu t  v o l t a g e ,  and 
Kd = d i s c r i m i n a t o r  g a i n  i n  vo l t s / r ad . / s ec .  
S ince  a t y p i c a l  i n s t r u m e n t a t i o n  r e c o r d e r  has  a p p r e c i a b l e  f l u t t e r  com- 
ponents  o u t  t o  approximate ly  1 0  k c ,  any lowpass  f i l t e r  i nco rpora t ed  i n  
t h e  d i s c r i m i n a t o r  o u t p u t  should have a c u t o f f  f requency  of a t  l ea s t  10 
kc t o  pass a l l  a p p r e c i a b l e  f l u t t e r  components. 
The h igh-pass  f i l t e r  shown i n  F i g .  2.6-1 is used t o  p reven t  s a t u r a t i o n  
of t h e  i n t e g r a t o r  (due t o  d i s c r i m i n a t o r  d r i f t )  used i n  d e t e r m i n a t i o n  of 
























i n s t r u m e n t a t i o n  r e c o r d e r  has  no a p p r e c i a b l e  f l u t t e r  components below 
t h i s  low f r equency ,  hence g ( t )  i s  una f fec t ed  by t h e  presence  of t h e  
f i l t e r .  
S u b s t i t u t i o n  of peak-to-peak o r  rms d i s c r i m i n a t o r  ou tpu t  v o l t a g e  
i n t o  Eq. 2 .6-3 y i e l d s  peak-to-peak and r m s  f l u t t e r ,  r e s p e c t i v e l y .  The 
peak-to-peak d i s c r i m i n a t o r  ou tput  v o l t a g e  is  observed on an  o s c i l l o -  
scope  and t h e  rms va lue  is  measured w i t h  t h e  rms v o l t m e t e r  a s  shown i n  
F i g .  2.6-1.  
TBE in fo rma t ion  i s  obta ined  as shown i n  F i g .  2.6-1 by i n t e g r a t i n g  
t h e  d i s c r i m i n a t o r  o u t p u t .  The i n t e g r a t o r  ou tpu t  v o l t a g e ,  e , ( t ) ,  is  
ed(4)dA = K K w h ( t ) ,  (2 .6-4)  I d o  e , ( t> = KI 
where K = i n t e g r a t o r  g a i n .  Observa t ion  of peak-to-peak e ( t )  on t h e  
o s c i l l o s c o p e  and s u b s t i t u t i o n  i n t o  Eq. 2.6-4 y i e l d s  peak-to-peak TBE. 
I I 
Care m u s t  be t aken  i n  a l l  f l u t t e r  measurements d e s c r i b e d  t h u s  f a r  
t o  i n s u r e  low system n o i s e .  This  is  accomplished by connec t ing  a 
s i n u s o i d a l  o s c i l l a t o r  t o  t h e  d i s c r i m i n a t o r  i npu t  and n o t i n g  t h e  peak- 
to-peak  i n t e g r a t o r  and d i s c r i m i n a t o r  o u t p u t  no i se  on t h e  o s c i l l o s c o p e s  
shown i n  F i g .  2.6-1. The ou tpu t s  should  be a small f r a c t i o n  of t h e  
peak-to-peak v o l t a g e s  w i t h  t h e  r e c o r d e r  supp ly ing  t h e  d i s c r i m i n a t o r  i npu t  
s i g n a l  . 
The spectrum of f l u t t e r  i s  ob ta ined  as shown i n  F i g .  2.6-1 s imply  
by f e e d i n g  t h e  d i s c r i m i n a t o r  ou tput  i n t o  a wave a n a l y z e r .  Another  
s t a n d a r d  p r e s e n t a t i o n  of f l u t t e r  d a t a  i s  t o  low-pass f i l t e r  t h e  d i s -  
c r i m i n a t o r  ou tpu t  w i t h  a v a r i a b l e - c u t o f f  f i l t e r  as shown. The r m s  o r  
peak-to-peak f l u t t e r  i s  then  p l o t t e d  a s  a p e r c e n t  v e r s u s  t h e  f i l t e r  
c u t o f f  f requency .  The p l o t  is  c a l l e d  a cumulat ive f l u t t e r  graph .  
I 
34 
Typica l  p l o t s  of f l u t t e r  spectrum, f l u t t e r ,  TBE, and cumula t ive  
f l u t t e r  a r e  shown i n  F i g s .  2 .6-2 th rough 2 .6 -5 ,  r e s p e c t i v e l y .  A 
Parsons  Model AIR-940 a i r b o r n e  r eco rde r  was used t o  o b t a i n  t h i s  d a t a ,  
and the  recorded f requency  was 70 kc.  
I 
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Fig. 2.6-3 Instantaneous Flutter 
Vertical: O.lS%/division 
Horizontal : 0.5 msec./division 
Fig. 2.6-4 Instantaneous TBE 
Vert ice1 : 7. %see. /d ivision 











































PROPOSED SYSTEM FOR SMOOTHING B I T  RATE VARIATIONS I N  RECORDED 
DIGITAL DATA 
A s  shown i n  S e c t i o n  2 .5 .2 ,  t h e  e f f e c t  of f l u t t e r  on d i g i t a l  d a t a  
i s  a Gaussian v a r i a t i o n  i n  t h e  r eco rde r  o u t p u t  b i t  rate. I n  t h i s  
c h a p t e r  a system i s  proposed f o r  r educ ing  t h i s  v a r i a t i o n .  F i r s t ,  t h e  
proposed system i s  desc r ibed  q u a n t i t a t i v e l y ,  and then  means f o r  d e t e r -  
mining t h e  system parameters a r e  developed by u s e  of t h e  cumula t ive  
f l u t t e r  graph.  Secondly,  t h e  t h e o r e t i c a l  resul ts  a r e  compared wi th  
resu l t s  from a n  a n a l o g  s imula t ion  of t h e  system. F i n a l l y ,  a des ign  
example i s  worked o u t  t o  i l l u s t r a t e  t h e  d e t e r m i n a t i o n  of t h e  system 
parameter  s . 
3.1 DESCRIPTION OF PROPOSED SYSTEM 
The system proposed f o r  smoothing b i t  rate v a r i a t i o n s  i s  shown 
i n  F ig .  3.1-1. The b u f f e r  i s  a f l i p - f l o p  r e g i s t e r  i n  which t h e  incom- 
i n g  b i t s  are  s t o r e d  s e r i a l l y  u n t i l  r e a d  o u t  by t h e  g a t i n g  c i r c u i t r y .  
The rate a t  which b i t s  are read from t h e  b u f f e r  i s  equa l  t o  t h e  f requency  
of t h e  v o l t a g e - c o n t r o l l e d  o s c i l l a t o r  (VCO). The VCO c o n s i s t s  of a 
m u l t i v i b r a t o r  having a c e n t e r  f requency e q u a l  t o  t h e  r e c o r d e r  mean b i t  
rate. The v o l t a g e  f o r  c o n t r o l l i n g  t h e  VCO f r equency  is  d e r i v e d ,  as  
shown i n  F ig .  3.1-1, by sens ing  t h e  number of b i t s  s t o r e d  i n a e  b u f f e r  
( c a l l e d  queue l e n g t h )  above o r  below a r e f e r e n c e  level of q b i t s .  More 
w i l l  be  s a i d  abou t  t h i s  r e f e r e n c e  l e v e l  l a t e r .  The o u t p u t  v o l t a g e  from 
t h e  queue sense  c i r c u i t  i s  f i l t e r e d  by G ( s ) ,  which a c t s  a s  a low pass  
f i l t e r ,  and t h e  f i l t e r e d  ou tpu t  i s  u s e d  t o  c o n t r o l  t h e  VCO f requency ,  

































g i v e n  i n  Eqs. 3.1-1. 
r i ( t >  = i n s t a n t a n e o u s  b u f f e r  i n p u t  b i t  r a t e ,  
ro( t )  = i n s t a n t a n e o u s  b u f f e r  o u t p u t  b i t  r a t e ,  
q ( t )  = number of b i t s  s t o r e d  i n  t h e  b u f f e r  above o r  
below t h e  r e f e r e n c e  of q b i t s ,  
0 
Ri(s)  = Laplace Transform of r i ( t ) ,  
(3.1-1) 
G ( s )  = c o n t r o l  l o o p  f i l t e r  t r a n s f e r  f u n c t i o n ,  
= VCO gain  i n  c p s / v o l t ,  and 
= Buffer  g a i n  i n  v o l t s / b i t .  
KV 
Kg 
F u r t h e r  t o  d e s c r i b e  and t o  a n a l y z e  t h e  b u f f e r  c o n t r o l  system t h e  
b u f f e r  is now mathemat ica l ly  d e f i n e d .  The number of b i t s  read i n t o  
t h e  b u f f e r ,  q i ( t ) ,  is Simply 
(3.1-2) 
where q = r e f e r e n c e  number of b i t s  i n  b u f f e r  a t  t = 0. S i m i l a r l y ,  t h e  
0 
number of b i t s  read o u t  of t h e  b u f f e r ,  q o ( t ) ,  i s  
r0(X>dX . (3.1-3) 
The t o t a l  number of b i t s  i n  the b u f f e r ,  q t ( t > ,  is  j u s t  t h e  d i f f e r e n c e  
between q . ( t )  and q o ( t > ,  i . e . ,  
1 
o r  
J O  
(3.1-4) 
41 
I t  f o l l o w s  t h a t  
q ( t >  = q t ( t )  - qo . (3 .1-5)  
Eq.. 3 .1-4 shows t h a t  when r i ( t>  = ro( t> ,  q t ( t >  = qo. The f i l t e r ,  
G ( s ) ,  i s  s p e c i f i e d  l a te r  i n  t h i s  r e p o r t  i n  a way such t h a t  t he  s t eady-  
s t a t e  q ( t )  f o r  a s t e p  i n  inpu t  b i t  r a t e  i s  ze ro .  
d e c r e a s e s ,  q t ( t )  f a l l s  below q 
F ig .  3 . 1 - 1 ,  goes n e g a t i v e  t h u s  f o r c i n g  t h e  VCO f requency ,  ro ( t ) ,  t o  
se t t le  a t  r i ( t ) .  A f t e r  t h e  s t e a d y - s t h t e  c o n d i t i o n  r i ( t )  = ro( t )  i s  
a g a i n  reached ,  q ( t )  w i l l  a g a i n  be ze ro .  Analogous behavior  i s  noted 
There fo re  i f  r i ( t>  
so t h e  v o l t a g e ,  K B q ( t ) ,  shown i n  
0’ 
i f  r . ( t )  i n c r e a s e s .  No  matter how r . ( t )  v a r i e s ,  t h e  system a c t s  i n  such 
a way t o  c o n t r o l  r ( t )  so a s  t o  reduce  q ( t >  t o  z e r o .  To accommodate 
p o s i t i v e  and n e g a t i v e  changes i n  r i ( t> ,  it i s  t h e r e f o r e  d e s i r a b l e  t o  
make qo equal  t o  h a l f  t h e  number of f l i p - f l o p s  i n  t h e  b u f f e r .  
1 1 
0 
The number of f l i p - f l o p s  r e q u i r e d  i n  t h e  b u f f e r  ( h e r e a f t e r  c a l l e d  
b u f f e r  c a p a c i t y ,  C ) depends on t h e  f l u t t e r  of t h e  r e c o r d e r .  C m u s t  
be  l a r g e  enough so t h a t  q ( t )  is always g r e a t e r  t h a t  0 and less t h a n  
B B 
t 
. The c o n d i t i o n ,  q t ( t )  0 ,  i s  c a l l e d  b u f f e r  underf low,  which means 
cB 
t h a t  b i t s  are be ing  read ou t  of t h e  b u f f e r  f a s t e r  t h a n  t h e y  a r e  s u p p l i e d  
by t h e  r e c o r d e r .  
which means t h a t  b i t s  a r e  not  being read o u t  f a s t  enough t o  handle  a l l  
The c o n d i t i o n ,  q t ( t >  > CB, i s  c a l l e d  b u f f e r  over f low,  
t h e  b i t s  be ing  supp l i ed  by t h e  r e c o r d e r .  Both over f low and underf low 
are e q u a l l y  u n d e s i r a b l e  s i n c e  both r e su l t  i n  e r roneous  da ta  t r a n s m i s s i o n .  
The c o n s t r a i n t s  on q ( t )  t o  avoid over f low and underf low a re  
-4, e q ( t k  + qo 9 
whe re  
S e c t i o n  3 . 2  g i v e s  t h e  means f o r  s p e c i f y i n g  C 
qo = CB/2 . 
B‘ 
( 3 . 1 - 6 )  
(3.1-7) 
I 42 
From Eqs. 3.1-4 and 3.1-5 
fit 
(3.1-8)  
Taking t h e  Lap lace  Transform of bo th  s i d e s  of t h i s  e q u a t i o n  y i e l d s  
(3.1-9) 
From Eq. 3 .1-9 t h e  b lock  diagram of t h e  b u f f e r  may be  drawn a s  shown 
i n  F ig .  3.1-2. Combining t h e  loop f i l t e r  and VCO from F ig .  3.1-1 w i t h  
F ig .  3.1-2 y i e l d s  t h e  block diagram of t h e  complete  b u f f e r  c o n t r o l  system 
as  shown i n  F i g .  3.1-3. By i n s p e c t i o n  of F i g .  3.1-3, t h e  f o l l o w i n g  
t r a n s C e r  f u n c t i o n s  may be w r i t t e n  t o  d e s c r i b e  t h e  b u f f e r  c o n t r o l  system. 
(3.1-10) 
and 
S p e c i f i c a t i o n  of t h e  loop  f i l t e r ,  G ( s ) ,  w i l l  complete  t h e  t h e o r e t i c a l  
d e s c r i p t i o n  of t h e  proposed b u f f e r  system f o r  smoothing b i t  r a t e  v a r i a t i o n s  
o c c u r r i n g  i n  d i g i t a l  d a t a .  To do so,  rewrite Eq. 3.1-10 as 
(3 .1-12)  
I n s p e c t i o n  of Eqs. 3 .1-2 and 3.1-3 r e v e a l s  t h a t  
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Using Eqs. 3.1-13 i n  Eq. 3 . 1 - 1 2  y i e l d s  
(3.1-14) 
Using Eq.3.1-14 i t  i s  now p o s s i b l e  t o  e s t a b l i s h  t h e  c r i t e r i o n  
f o r  choosing G ( s ) .  I t  i s  h ighly  d e s i r a b l e  t o  choose G ( s )  such t h a t  
a s u i t a b l e  measure of t h e  queue l e n g t h  b e  h e l d  t o  a minimum i n  t h e  
i n t e r e s t  of system economy. This  may be accomplished by minimizing 
~ 
2 14 t h e  mean-square queue l e n g t h ,  q ( t)  , by us ing  a Wiener optimum f i l t e r  . 
J a f f e  and R e c h t i n l 5  have analyzed a t r a n s f e r  f u n c t i o n  l i k e  t h a t  i n  Eq. 
3.1-14 i n  connec t ion  w i t h  phase-locked l o o p s  and t h e  resul t  g i v e n  i s  
where 
(3.1 -15a) 
(3.1-1 5b) ri 
4 T w  
= f i l t e r  g a i n ,  and - 
K G -  
w = system parameter .  n 
The G ( s )  g iven  by Eq. 3.1-15a i s  t h e r e f o r e  t h e  Wiener optimum f i l t e r  
f o r  minimizing t h e  mean-square q u e u e  l e n g t h  i n  t h e  b u f f e r ,  t h e r e b y  
minimizing t h e  r e q u i r e d  b u f f e r  c a p a c i t y ,  . cB 
S u b s t i t u t i o n  of Eq. 3.1-15a i n t o  Eqs. 3.1-10 and 3.1-11 g i v e s  
t h e  f o l l o w i n g  t r a n s f e r  f u n c t i o n s  for t h e  optimum b u f f e r  system. 
2 
4 0  R (SI - #cons + w n 
H1 





Eqs .  3.1-16 and 3.1-17 reveal t h a t  t h e  optimum b u f f e r  c o n t r o l  system i s  
a 
f requency  of w . 
second o r d e r  system w i t h  damping f a c t o r  of l / & a n d  n a t u r a l  
n 
F ig .  3.1-4 i s  a p l o t  of the t r a n s f e r  f u n c t i o n  ) H l ( j w ) I  . Note 
t h a t  b i t  ra te  v a r i a t i o n s  above a f requency  of $a 
a t  t h e  ra te  of 6db/octave.  Therefore  s p e c i f i c a t i o n  of t h e  system 
parameter ,  w determines  t h e  c r i t i c a l  f r equency  i n  F ig .  3 .1 -4 .  
Fig .  3.1-5 i s  a p l o t  of w I H2( ja ) l  . Note t h a t  i n p u t  b i t  rate v a r i a -  
t i o n s  a t  f r e q u e n c i e s  between .la t o  1oW g i v e  t h e  g r e a t e s t  c o n t r i b u -  
t i o n  t o  q ( t > .  
a re  a t t e n u a t e d  n 
n '  
n 
n n 
3.2 SPECIFICATION OF BUFFER CAPACITY6 CB 
I n  t h i s  s e c t i o n  a means f o r  de t e rmin ing  t h e  b u f f e r  c a p a c i t y  r e q u i r e d  
t o  avoid  overf low o r  underflow using t h e  cumula t ive  f l u t t e r  graph of t h e  
r e c o r d e r  i s  g iven .  The f l u t t e r  spectrum i s  assumed t o  be f l a t  over  a t  
l eas t  t h e  f requency  range from .lan t o  low,, t o  which q ( t )  i s  most 
s e n s i t i v e .  The f l u t t e r  is a l s o  assumed to  be Gaussian.  Both of t h e s e  
assumpt ions  seem reasonab le  i n  l i g h t  of t h e  d i s c u s s i o n  i n , C h a p t e r  I and 
are shown i n  S e c t i o n  3 . 3  t o  y i e l d  results a g r e e i n g  w i t h  resul ts  ob ta ined  
From a n  ana log  s i m u l a t i o n  of t h e  b u f f e r  system. 
From Eq. 3.1-17 i t  can be  shown t h a t  
" 
(3.2-1) 
' n  
I n  Eq. 2.5-15 t h e  s p e c t r a l  d e n s i t y ,  %r.r  (a), of i n p u t  r e c o r d e r  b i t  
i i  
ra te  v a r i a t i o n  was shown t o  be 
2 @r.r (0) = Ro Go. 
i i  
(3.2-2)  
I 


















































L L  
.d 
49 
'Using the r e l a t i o n  between input  and o u t p u t  s p e c t r a l  d e n s i t y  f o r  a 
l i n e a r  sys tem,16  the  s p e c t r a l  d e n s i t y  of q ( t > ,  @ (w>,  i s  
94 
S u b s t i t u t i n g  Eqs. 3.2-1 and 3.2-2 i n t o  Eq. 3 .2-4 y i e l d s  
2 2 
R G  (w/wnl 
0 0  6 (w) = -- 
CI 2 n (w/wn)4 + 1 
qq 
w 
(3 .2-5)  
L 
w + (w) 
-- n 44 i s  p l o t t e d  i n  F i g .  3.2-1.  Note a g a i n  t h a t  f r e q u e n c i e s  
R2 G 
0 0  
between . lo and 1oW are the  major c o n t r i b u t o r s  t o  q ( t ) .  The queue 
l e n g t h  response  f a l l s  o f f  below w = w because t h e  o u t p u t  b i t  ra te  
i s  al lowed t o  change a t  rates below w ( see F i g .  3 .1-4) ,  and above w 




(see Eqs.  3.1-8 and 3.1-9). 
Since  t h e  ou tpu t  of a l i n e a r  system is  Gauss ian  when t h e  inpu t  i s  
Gauss i an ,17  it  fo l lows  t h a t  q ( t )  is  Gauss ian  because r i ( t > ,  is  Gaussian.  
S i n c e  from F i g .  3.2-1 "dc" i s  not  pas sed ,  q ( t >  has  a z e r o  mean. The 
v a r i a n c e  of queue l e n g t h ,  CT is t h e r e f o r e  found by i n t e g r a t i n g  % (01 
o v e r  a l l  f r e q u e n c i e s ,  i . e . ,  
2 
q '  qq 
(3.2-6) 



































4 2 @ w  
w =  
n 
51 
(3 .2 -7 )  
The s p e c t r a l  d e n s i t y  of f l u t t e r ,  G o ,  may be approximated i n  terms 
of rms f l u t t e r  i n  t h e  fo l lowing  manner, The f l u t t e r  spec t rum of an 
ac tua l  r e c o r d e r  i s  no t  p e r f e c t l y  f l a t  as has  been assumed bu t  G can  be 
approximated by the  average  s p e c t r a l  d e n s i t y  below w = lown,  s i n c e  t h i s  
is  t h e  f requency  range which has  t h e  grea tes t  e f f e c t  on queue l e n g t h  a s  
0 
seen  i n  F i g .  3 . 2 - 1 .  The average  f l u t t e r  s p e c t r a l  d e n s i t y  over  t h e  f requency  
range from 0 t o  l o w  is n 
where fl i s  t h e  rms cumulat ive f l u t t e r  a t  w = lown.  S u b s t i t u t i o n  
81 00- 
L L  
of Eq. 3 . 2 - 8  i n t o  Eq. 3 . 2 - 7  g i v e s  
or 
( 3 . 2 - 9 )  
where w = 2nf . n n 
The queue l e n g t h ,  q ( t ) ,  has  been determined t o  be a Gauss i an  random 
v a r i a b l e  and from Eq. 3 . 2 - 9  i t  is s e e n  t h a t  t h e  s t a n d a r d  d e v i a t i o n  is  
p r o p o r t i o n a l  t o  t h e  r a t i o  of input  b i t  r a t e  t o  t h e  b u f f e r  n a t u r a l  f r equency  
and t o  the  r m s  cumula t ive  f l u t t e r  a t  w=lOw . S i n c e  q ( t )  i s  Gauss i an ,  i t s  
























D e f i n i n g  t h e  r e q u i r e d  b u f f e r  c a p a c i t y  as k t imes t h e  rms queue,  i . e . ,  
CB = krr , (3.2-11) 
Q 
P (4)  t hen  becomes 
Q 
(3.2-12) 
The p r o b a b i l i t y  of b u f f e r  overflow o r  under f low,P  ( k ) ,  i s  j u s t  t h e  
p r o b a b i l i t y  t h a t  q ( t >  > C /2 which i s  
ou 
I I B  
(3.2-13) 
e '-. d4 , k 
, Eq. 3.2-13 may be w r i t t e n  as  kd Making t h e  change of v a r i a b l e ,  x = - 
'B 
(3.2-14) 
P (k) is  p l o t t e d  versus k i n  F i g .  3 .2-2 .  The procedure  f o r  
ou 
s p e c i f y i n g  t h e  b u f f e r  c a p a c i t y  r equ i r ed  i s  as f o l l o w s .  F i r s t ,  t h e  
d e s i r e d  p r o b a b i l i t y  of over f low o r  under f low i s  s p e c i f i e d ,  which d e t e r -  
mines k from F i g .  3.2-2. Secondly,  Eq. 3 . 2 - 9  is  used t o  de t e rmine  (T 
where 0 i s  found f rom t h e  cumula t ive  f l u t t e r  g raph  l i k e  t h a t  i n  
F i g .  2.6-5. F i n a l l y ,  C is then  s p e c i f i e d  by Eq. 3 .2-11.  
q' 
g l  own 
B 






- 6  
10 
k -> 
1 2 3 4 5 6 7 8 9 10 
Fig. 3.2-2 - Probability of Buffer Overflow or Underflow 
54 
underf low i s  t o  make t h e  b u f f e r  ga in ,  KB ( v o l t s / b i t ) ,  a d a p t i v e  a s  
shown i n  F i g .  3.2-3.  T h i s  i s  accomplished s imply by d e s i g n i n g  t h e  
l o g i c  c i r c u i t r y  a s s o c i a t e d  w i t h  the queue sense  b lock  shown i n  F i g .  
3.1-1 such t h a t  t h e  b u f f e r  g a i n  i s  i nc reased  f o r  a queue l e n g t h  g r e a t e r  
t h a n  +(k /2)o  or less t h a n  - (k /2 )0  . T h i s  r e q u i r e s  t h a t  t h e  b u f f e r  
c a p a c i t y  be made a l i t t l e  l a r g e r  than t h a t  s p e c i f i e d  i n  Eq. 3 .2-11 ,  a s  
shown i n  F ig .  3.2-3, t o  p rov ide  a few b i t s  on t h e  "ends" of t h e  b u f f e r  
f o r  t h e  i n c r e a s i n g  b u f f e r  ga in .  As l o n g  a s  
4 9 
and wn i n  Eq. 3.1-15b. \ i s  c o n s t a n t  a t  t h e  v a l u e  d i c t a t e d  by K 
Whenlq(tI1 > (k/2)oq, % i n c r e a s e s ,  t h u s  f o r c i n g  t h e  VCO f requency  t o  
i n c r e a s e  ( o r  d e c r e a s e )  more r a p i d l y  t h a n  normal t o  compensate. Note 
from Eq. 3.1-15 t h a t  an i n c r e a s e  in  resu l t s  i n  a n  i n c r e a s e  i n  w . 
G' K V '  
n 
3 .3  ANALOG COMPUTER SIMULATION OF BUFFER SYSTEM 
Eq. 3.1-17 g i v e s  t h e  t r a n s f e r  f u n c t i o n  from i n p u t  b i t  r a t e  t o  queue 
l e n g t h  i n  t h e  b u f f e r .  An a n a l o g  computer s i m u l a t i o n  having  t h i s  t r a n s f e r  
f u n c t i o n  i s  shown i n  F ig .  3.3-1. S i m u l a t i o n  r e q u i r e s  a v o l t a g e  propor-  
t i o n a l  t o  t h e  i n s t a n t a n e o u s  b i t  r a t e  of a d i g i t a l  s i g n a l  t o  u s e  a s  t h e  
i n p u t  t o  t h e  ana log  computer. 
v a r i a t i o n  of a recorded  s i n u s o i d  upon playback i s  equa l  t o  t h e  b i t - r a t e  
v a r i a t i o n  of a d i g i t a l  s i g n a l  recorded  on t h e  same r e c o r d e r  when t h e  
Reca l l  from S e c t i o n  2.5.2 t h a t  t h e  f r equency  
recorded  f requency  of t h e  s inuso id  and t h e  recorded  b i t  r a t e  a r e  e q u a l .  
T h e r e f o r e  a s i n u s o i d  having  a f requency  equa l  t o  t h e  b i t  r a t e  of i n t e r e s t  
i s  recorded  and t h e n  f requency  demodulated us ing  an  FM d i s c r i m i n a t o r  upon 
playback.  Th i s  y i e l d s  an  o u t p u t  which i s  p r o p o r t i o n a l  t o  t h e  b i t  r a t e  
v a r i a t i o n s  of a d i g i t a l  s i g n a l .  The d i s c r i m i n a t o r  o u t p u t  v o l t a g e  i s  u s e d  

































a s  t h e  i n p u t  t o  t h e  s imula t ed  b u f f e r  a s  shown i n  F i g .  3 .3 -2 .  
Using t h e  computer s i m u l a t i o n ,  expe r imen ta l  r e s u l t s  were ob ta ined  
f o r  peak-to-peak queue l e n g t h  a t  d i f f e r e n t  values of w f o r  t h e  r e c o r d e r  
having  t h e  cumula t ive  f l u t t e r  graph shown i n  F i g .  2.6-5.  The peak-to- 
peak queue ob ta ined  expe r imen ta l ly  i n  t h i s  manner is  p l o t t e d  i n  F i g .  
3.3-3 as a f u n c t i o n  of f a long  wi th  t h e  t h e o r e t i c a l  v a l u e s  ob ta ined  
by t a k i n g  peak-to-peak queue t o  be 6 0  , where 0 is  obta ined  from 
E q .  3.2-9 and F ig .  2.6-5. The c l o s e  agreement between t h e o r e t i c a l  





3.4 DESIGN EXAMPLE 
An example is g iven  here f o r  t h e  d e t e r m i n a t i o n  of t h e  pa rame te r s  
f o r  t h e  b u f f e r  system f o r  smoothing b i t  ra te  v a r i a t i o n s  u s i n g  t h e  resu l t s  
of t h e  preceed ing  sect i o n s .  
Suppose t h a t  t h e  r eco rde r  w i t h  which t h e  system is  t o  be used has  
t h e  cumulative f l u t t e r  graph  shown i n  F i g .  2 .6-5 ,  and it i s  d e s i r e d  t o  
a t t e n u a t e  b i t  r a t e  
t h e  r e c o r d e r  above 
f o r  convenience.). 
v a r i a t i o n s  of a 7 0  k i l o b i t / s e c .  d i g i t a l  s i g n a l  from 
a p p r o x i m a t e l y e  1 0  14 c y c l e s / s e c .  (This  is  chosen 
F i g .  3.1-4 then  i n d i c a t e s  t h a t  
&) = - - =  25r(14) 62.8 r ad .  /set. 
n 
1 .4  
(3.4-1) 
i s  t h e  p rope r  choice  f o r  t h e  b u f f e r  n a t u r a l  f r equency .  
The VCO m u s t  be chosen t o  have a c e n t e r  f r equency  of 7 0  kc s i n c e  
of t h e  7 0  kc VCO i n  a te lem- 
KV 
t h i s  is  t h e  mean b i t  ra te .  The g a i n ,  
e t r y  package t y p i c a l l y  has  a va lue  of 
(3.4-2) 3 K = 2 . 1  x 10 c p s / v o l t ,  
V 
I 
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s o  t h i s  r e a l i s t i c  va lue  is  used i n  t h i s  example.  
The f i l t e r  t r a n s f e r  f u n c t i o n ,  G(s) ,  given  by Eq. 3.1-15 can be 
r e a l i z e d  e i t h e r  by t h e  a c t i v e  element shown i n  F i g .  3 . 4 - l ( a ) ,  o r  
approximated by t h e  p a s s i v e  element shown i n  F i g .  3 , 4 - l ( b ) .  The 
a c t i v e  r e a l i z a t i o n  i s  more f l e x i b l e  i n  t h a t  t h e  f i l t e r  g a i n ,  KG, can 
be s e t  e a s i l y  t o  any d e s i r e d  value whereas t h e  p a s s i v e  approximation 
m u s t  s a t i s f y  t h e  i n e q u a l i t i e s  given i n  F i g .  3 . 4 - l ( b ) .  The a c t i v e  r e a l -  
i z a t  ion  'is assumed h e r e .  
The choice  of component values i n  t h e  f i l t e r  i s  accomplished by 
n o t i n g  i n  F i g .  3 . 4 - l ( a )  t h a t  
so  from Eq. 3.4-1,  
o r  
R2C = .0225. 
Choosing C = 0.1 p f d ,  Eq. 3.4-4 g i v e s  R a s  2 
R2 = 225K ohms. 
Observe now t h a t  Eq. 3.1-16 g i v e s  
S u b s t i t u t i n g  Eq. 3.4-2 i n  Eq. 3.4-6 y i e l d s  




(3 -4-5)  
(3.4-6) 
(3.4-7) 
6 1  
High Gain Amp1 i f  i e t  
.I 
I I  E2 ( s )  
s + o  / !  
n 
E 2 ( s )  -R s + l / R  C 
- 2 2 = -KG G ( s )  = -- --- 
E 1 ( s )  R1 S S 
( a )  Act ive  R e a l i z a t i o n  of G(s )  
( b )  Pass ive  Approximation of G ( s )  
F i g .  3 . 4 - 1  - R e a l i z a t i o n  of F i l t e r  T r a n s f e r  Func t ion ,  C ( s )  
I 
KB = 0 . 1  v o l t / b i t ,  
t hen  Eq. 3.4-7 g i v e s  
KG = .423. 





S u b s t i t u t i n g  Eqs. 3.4-9 and 3.4-5 i n  Eq. 3.4-9 de te rmines  R1, i . e . ,  
R1 = 532K ohms. 
To de termine  the  r e q u i r e d  b u f f e r  c a p a c i t y ,  k i n  Eq. 3.2-11 m u s t  
be s p e c i f i e d  t o  g ive  t h e  d e s i r e d  p r o b a b i l i t y  of b u f f e r  over f low o r  
underf low,  Pou(k).  Suppose t h a t  i t  i s  s p e c i f i e d  t h a t  
t h e n  F i g .  3.2-2 shows t h a t  i f  
k = 10, 
t h i s  s p e c i f i c a t i o n  is s a t i s f i e d .  Eq. 3.2-11 t h e n  g i v e s  t h e  r e q u i r e d  
b u f f e r  c a p a c i t y  f o r  P (k)  .c as 
ou 
CB = 10D . 
q 
(3.4-11) 
Eq. 3.2-9 is nex t  used t o  determine (J bu t  f i r s t  0 m u s t  be d e t e r -  
O0n 
q '  g 
mined from t h e  r m s  cumulat ive f l u t t e r  graph  i n  F i g .  2.6-5. For  t h i s  
d e s i g n  example, (3 i s  t h e  rms cumula t ive  f l u t t e r  a t  
Own 
g 
100, = 2n(100) r a d i a n s / s e c ,  
I 
63 
I - '  which i f  no t  expressed  in  p e r  cent  is  




S ince  R = 7.0 x 10  
s u b s t i t u t i o n  of Eq. 3.4-12 i n  Eq. 3 . 2 - 9  de te rmines  CT , i . e . ,  
b i t s / s e c .  and f n  = 10  cyc le s / sec .  f o r  t h i s  example,  
0 
4 
( R o / f n )  
18.88 




( 7  l o  /lo) (.00075) - 
18.88 
Q = . 2 7 8  b i t s .  
q 
(3.4-13) 
S u b s t i t u t i n g  Eq. 3.4-13 i n  Eq. 3.4-11 g i v e s  
cB = 2 . 7 8  b i t s .  
S ince  the  b u f f e r  m u s t  have an i n t e g r a l  number of f l i p - f l o p s ,  t h r e e  
f l i p - f l o p s  a r e  r equ i r ed  f o r  the  example system. 
The b i t - r a t e - smoo th ing  b u f f e r  system f o r  which t h e  parameters  have 
been determined a t t e n u a t e s  b i t - r a t e  v a r i a t i o n s  a t  f r e q u e n c i e s  g r e a t e r  
t h a n  14 cyc le s / sec .  a t  t h e  r a t e  of 6 db /oc tave ,  a s  shown i n  F i g .  3.1-4.  
The b u f f e r  c a p a c i t y  r equ i r ed  t o  achieve  a p r o b a b i l i t y  of over f low o r  
underf low of 10  has been shown t o  be 3 b i t s  f o r  t h e  r e c o r d e r  having 
t h e  cumulat ive f l u t t e r  graph  of F i g .  2 .6-5.  S ince  t h i s  cumula t ive  f l u t t e r  
graph  i s  t y p i c a l ,  t h i s  b u f f e r  c a p a c i t y  of 3 b i t s  might a l s o  be cons idered  
t y p i c a l .  However, unpred ic t ab le  t r a n s i e n t  changes i n  t h e  b i t  r a t e ,  which 
can  be c l a s s e d  a s  non- s t a t iona ry  f l u t t e r ,  may r e q u i r e  t h a t  t he  b u f f e r  
c a p a c i t y  be made somewhat g r e a t e r  o r  t h a t  t h e  b u f f e r  g a i n ,  5, be made 
a d a p t i v e  as shown i n  F i g .  3 .2-3 i f  l a r g e  peak queues a r e  t o  be avoided.  
Cons ide ra t ion  might be g i v e n  t o  s imply u s i n g  s a y  a 1 0  b i t  b u f f e r  system 
-6 
t . -  
64 
which  would accommodate p r a c t i c a l l y  any r e c o r d e r  f l u t t e r .  
I t  s h o u l d  be r e a l i z e d  t h a t  b o t h  t h e  t h e o r e t i c a l  a n a l y s i s  and t h e  
s i m u l a t i o n  of t h e  b u f f e r  system cons ide red  i n  t h i s  r e p o r t  i s  based upon 
s t a t i o n a r y  f l u t t e r .  
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CHAPTER 4 
ON THE POSSIBILITY OF USING A PHASE-LOCKED LOOP FOR CONTROLLING BUFFER 
READOUT RATE 
The p o s s i b i l i t y  of us ing  a phase-locked l o 0 p l 9  (PLL) f o r  c o n t r o l l -  
i n g  b u f f e r  r e a d o u t  rate a s  shown i n  t h e  scheme i n  F i g .  4-1 i s  i n v e s t i -  
g a t e d  i n  t h i s  c h a p t e r .  A s i n u s o i d a l  r e f e r e n c e  s i g n a l  having a f r e -  
quency of R c p s  i s  recorded  on Track 2 a t  t h e  same t i m e  a d i g i t a l  s i g -  
n a l  of b i t  rate R b i t s / s e c .  i s  recorded  on Track 1 of t h e  r e c o r d e r .  I t  
w a s  shown i n  S e c t i o n  2 . 5 . 2  t h a t  t h e  b i t  ra te  and t h e  f requency  v a r y  a b o u t  




The PLL t r a c k s  t h e  r e f e r e n c e  s i n u s o i d  w i t h i n  a phase e r r o r  of less 
t h a n  n/2 r a d i a n s  as  l o n g  as  phase l o c k  i s  main ta ined .  The VCO o u t p u t  
i n  t h e  PLL i s  used t o  c lock  b i t s  from t h e  b u f f e r ,  which i s  a f l i p - f l o p  
r e g i s t e r  j u s t  a s  i n  Chapter  3 .  One b i t  i s  cloCked o u t  of t h e  b u f f e r  
on each  c y c l e  of t h e  VCO. 
The i n s t a n t a n e o u s  frequency of t h e  r e f e r e n c e  s i n u s o i d a l  s i g n a l  i s  
e q u a l  t o  t h e  i n s t a n t a n e o u s  b u f f e r  i n p u t  b i t  r a t e  of t h e  d i g i t a l  s i g n a l  
a s  d e s c r i b e d  i n  S e c t i o n  2 . 5 . 2 .  L e t t i n g  r . ( t >  r e p r e s e n t  t h e  i n s t a n -  
taneous  f requency  of t h e  s i n u s o i d ,  t h e n  t h e  i n s t a n t a n e o u s  phase i n  
r a d i a n s  i s  
1 
C / o  
where e . ( t )  = i n s t a n t a n e o u s  phase of r e f e r e n c e  s i n u s o i d  i n  r a d i a n s .  
L e t t i n g  t h e  i n s t a n t a n e o u s  frequency of t h e  VCO i n  t h e  PLL b e  r o ( t ) ,  
which i s  a l s o  t h e  i n s t a n t a n e o u s  b u f f e r  o u t p u t  b i t  r a t e ,  t h e n  t h e  



















where e ( t )  = i n s t a n t a n e o u s  phase of VCO i n  t h e  PLL. The phase e r r o r  i n  
t h e  PLL i s  j u s t  t h e  d i f f e r e n c e  between t h e  phase of t h e  r e f e r e n c e  s i n u -  
s o i d  and t h e  VCO, i . e . ,  
0 
where O ( t )  = PLL phase e r r o r .  S u b s t i t u t i n g  Eqs. 4-1 and 4-2 i n t o  4-3 
y i e l d s  
Using Eq. 3.1-8, which g i v e s  q ( t )  i n  terms of b u f f e r  i n p u t  and o u t p u t  
b i t  rates, i n  Eq. 4-4 y i e l d s  t h e  s imple  r e su l t ,  
which s ta tes  t h a t  t h e  phase e r r o r  i n  t h e  PLL i s  e q u a l  t o  271 t i m e s  
t h e  queue l e n g t h  i n  t h e  b u f f e r .  
t o  remain locked w i t h  t h e  r e f e r e n c e  s i n u s o i d ,  t h e  maximum peak-to-peak 
phase  e r r o r  t h a t  can be t o l e r a t e d  i s  
Tr S i n c e  - 7 < &i ( t )  -c + 2 f o r  t h e  PLL 
2 
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- - ( - 2 ) = 7 1 .  2 
Eq.  4-5 then  shows t h a t  t h e  peak-to-peak queue can o n l y  b e  1 / 2  b i t .  
The s i g n i f i c a n c e  of 1/2 b i t  peak-to-peak queue l e n g t h  i n  t h e  
b u f f e r  i s  t h a t  t h e  i n p u t  d i g i t a l  s i g n a l  i s  d e l a y e d  o r  advanced by 
1/4 of a b i t  per iod  w i t h  respect t o  t h e  o u t p u t  d i g i t a l  s i g n a l .  
I 
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P r a c t i c a l l y ,  of c o u r s e ,  t h i s  means one b i t  i s  s t o r e d  i n  t h e  b u f f e r  
f o r  a maximum of 1/4 of a b i t  pe r iod .  The s i g n i f i c a n c e  of a f r a c t i o n  
of a b i t  queue l e n g t h  i n  t h e  case  of t h e  b u f f e r  system i n  Chap te r  3 
i s  t h e  same. 
The f requency  t r a n s f e r  f u n c t i o n  f o r  a PLL can be  shown t o  b e  
t h e  same a s  f o r  t h e  b u f f e r  system of Chap te r  3:' g iven  by Eq. 3.1-17 
a s  





The v e r y  impor tan t  d i f f e r e n c e  however i s  t h a t  t h e  system g i v e n  i n  
Chapter  3 h a s  no c o n s t r a i n t  on q ( t )  whereas  t h e  system u s i n g  t h e  PLL 
does  i n  t h a t  phase e r r o r  m u s t  be h e l d  between + n/2 r a d i a n s .  Eq. 4-5 - 
shows t h a t  t h e  c o n s t r a i n t  on 4 ( t )  i n  t u r n  c o n s t r a i n s  q ( t )  t o  be  
between + 1/4 b i t ,  where t h e  s i g n i f i c a n c e  of t h e  f r a c t i o n  of a b i t  - 
has  been i n t e r p r e t e d  above. 
S i n c e  t h e  t r a n s f e r  f u n c t i o n s  fo r  t h e  PLL b u f f e r  system and t h e  
proposed system p r e s e n t e d  i n  Chapter  3 a r e  t h e  same, F i g .  3 .3-3 
shows t h a t  f o r  t h e  r e c o r d e r  with t h e  cumula t ive  f l u t t e r  graph  g iven  
i n  F i g .  2.6-5, w f o r  t h e  PLL system shown i n  F i g .  4-1 would have t o  
be no less t h a #  approx ima te ly  2rr(50) r a d / s e c .  t o  meet t h e  c o n s t r a i n t  
n 
t h a t  peak-tu-peak q ( t )  be  no greater than  1 / 2  b i t .  Even w i t h  t h i s  
l a r g e  w t h e r e  i s  s t i l l  t h e  p o s s i b i l i t y  t h a t  some t r a n s i e n t  change 
i n  r e c o r d e r  speed w i l l  f o r c e  Q(t)  t o  f a l l  o u t s i d e  t h e  range  - - 2 
t h u s  making t h e  PLL l o s e  lock  w i t h  t h e  s i n s u s o i d a l  r e f e r e n c e  s i g n a l .  
n 
T[ Tc t o + - - ,  2 
Suppose, f o r  example, t h a t  t h e  r e c o r d e r  undergoes a t r a n s i e n t  
drop  i n  speed ,  f o r c i n g  t h e  PLL t o  l o s e  lock .  The VCO i n  t h e  PLL i s  
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t h e n  c l o c k i n g  b i t s  o u t  of t h e  b u f f e r  f a s t e r  than  the  r e c o r d e r  i s  
supp ly ing  them. Consequent ly  t h e  b u f f e r  q u i c k l y  underf lows,  o r  
assuming an  i n f i n i t e  b u f f e r  c a p a c i t y  wi th  a l a r g e  queue, t h e  queue 
l e n g t h  drops  u n t i l  t h e  VCO aga in  l o c k s  on to  t h e  r e f e r e n c e  s i n u s o i d ,  
a t  which t i m e  t h e  queue l e n g t h  s t a b i l i z e s .  Thus t h e r e  i s  a s t eady-  
s t a t e  queue l e n g t h  accumulated which cannot  be  e l i m i n a t e d  s i n c e  
t h e r e  i s  no feedback from t h e  b u f f e r  t o  t h e  PLL. Analogous behav- 
i o r  i s  noted i f  a t r a n s i e n t  i n c r e a s e  i n  r e c o r d e r  speed occur s  t o  
cause t h e  PLL t o  l o s e  lock.  I n  t h i s  case, t h e  queue l e n g t h  i n c r e a s e s  
u n t i l  phase lock  o c c u r s ,  a g a i n  r e s u l t i n g  i n  a s t e a d y - s t a t e  queue 
l e n g t h  which cannot  be e l imina ted .  
Even i f  t h e  requi rement  t h a t  wn be g r e a t e r  t h a n  approximate ly  
2n(50) rad./sec. i s  n o t  o b j e c t i o n a b l e ,  t h e  accumula t ion  of a s t e a d y -  
s ta te  queue l e n g t h  upon l o s s  of phase lock  c e r t a i n l y  is. I t  i s  
t h e r e f o r e  concluded t h a t  t h e  sys t em shown i n  F ig .  4-1 us ing  a PLL 
t o  c o n t r o l  b u f f e r  r eadou t  i s  unsu i t ab le .  The system proposed i n  
Chapter  3 i s  more d e s i r a b l e  i n  t h a t  queue l e n g t h  always r e t u r n s  t o  
a z e r o  s t e a d y - s t a t e  value, and w may be made as  small as d e s i r e d  a t  





The purpose of t h i s  r e p o r t  i s  g e n e r a l l y  t o  l a y  a t h e o r e t i c a l  
f o u n d a t i o n  f o r  t h e  t r ea tmen t  of f l u t t e r  i n  i n s t r u m e n t a t i o n  magnet ic  
t a p e  r e c o r d e r s  and s p e c i f i c a l l y  t o  propose a system t o  be used f o r  
smoothing b i t - r a t e  v a r i a t i o n s  due t o  f l u t t e r  i n  d i g i t a l  d a t a .  F l u t t e r  
i s  t r e a t e d  from t h e  s t a n d p o i n t  of t a p e  v e l o c i t y  v a r i a t i o n s  d u r i n g  t h e  
r eco rd  and playback o p e r a t i o n s .  Both FM and d i r e c t  r eco rd ing  t echn iques  
are cons ide red .  The major  f l u t t e r  e f f e c t  f o r  b o t h  t echn iques  i s  shown 
t o  be a p e r t u r b a t i o n  of t h e  s i g n a l  t ime base .  
A f t e r  deve lop ing  g e n e r a l  e x p r e s s i o n s  f o r  f l u t t e r - p e r t u r b e d  
s i g n a l s ,  t he  resu l t s  a r e  appl ied  t o  t h e  case  of a s i n u s o i d  pe r tu rbed  
by s i n u s o i d a l  f l u t t e r .  It is  shown t h a t  f l u t t e r  i n t r o d u c e s  s idebands  
about  t h e  f r equency  of t h e  s inuso id  spaced a t  i n t e r v a l s  of t h e  f l u t t e r  
f requency .  
S i n c e  a c t u a l  f l u t t e r  i s  n o t  s i n u s o i d a l  b u t  i s  random i n  n a t u r e  
t h e  e f f e c t  of random f l u t t e r  is i n v e s t i g a t e d .  Gauss i an  f l u t t e r  w i t h  
a c o n s t a n t  s p e c t r a l  d e n s i t y  (which c l o s e l y  approximates  a c t u a l  f l u t t e r )  
is shown t o  “smear“ t h e  power of a s i n u s o i d  about  t h e  recorded f requency .  
The e f f e c t  of Gaussian f l u t t e r  on a d i g i t a l  s i g n a l  is  t o  cause a 
Gaussian v a r i a t i o n  o f  b i t  r a t e  and b i t - t o - b i t  spac ing .  
A system i s  proposed f o r  smoothing t h e  Gauss ian  b i t  r a t e  var ia-  
t i o n s  i n  d i g i t a l  d a t a .  The proposed sys t em is  shown t o  a t t e n u a t e  b i t  
r a t e  v a r i a t i o n s  a t  t h e  ra te  of 6 db/octave above a f requency  of 2 On’ 
where w is t h e  n a t u r a l  f requency  of a b u f f e r  c o n t r o l  loop .  The 
number of f l i p - f l o p s  r equ i r ed  i n  t h e  b u f f e r  ( c a l l e d  t h e  b u f f e r  
c a p a c i t y )  f o r  a t y p i c a l  a i rbo rne  r e c o r d e r  (Parsons  AIR-940) is shown 
n 
7 1  
t o  be on t h e  o r d e r  of 2 o r  3 b i t s  f o r  w on the  o r d e r  of Zn(10) 
rad  ./sec. However, t o  accommodate t r a n s i e n t  changes i n  r e c o r d e r  
speed ,  it is  recommended t h a t  t h e  b u f f e r  c a p a c i t y  be made somewhat 
l a r g e r .  A 1 0  b i t  b u f f e r  would s u r e l y  be ample t o  smooth t h e  f l u t t e r  
on t h e  wors t  r eco rde r .  I f ,  i n  a d d i t i o n ,  t h e  b u f f e r  g a i n  c o n s t a n t ,  
i s  made a d a p t i v e  as shown i n  F ig .  3 . 2 - 3  t h e n  t h e  b u f f e r  would be 
c a p a b l e  of hand l ing  most any combination of s t a t i o n a r y  o r  n o n - s t a t i o n a r y  
( t r a n s i e n t )  f l u t t e r  w i t h  no overf low o r  underf low.  
n 
KB’ 
It is  shown t h a t  t h e  only r equ i r ed  in fo rma t ion  concern ing  t h e  
r e c o r d e r  f o r  a s p e c i f i c a t i o n  of b u f f e r  c a p a c i t y  is  t h e  cumulative 
f l u t t e r  g raph  such  as  t h e  one shown i n  F i g .  2.6-5.  
8 
APPENDIX A 
DERIVATION OF THE PROBABILITY DENSITY FUNCTION 
FOR BIT-TO-BIT SPACING 
I n  t h i s  appendix t h e  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  f o r  b i t - t o - b i t  
s p a c i n g  i s  d e r i v e d  u s i n g  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  g iven  i n  Eq. 2.5-6. 
L e t  
= random variable r e p r e s e n t i n g  v a l u e  of h ( t  ) , 
bi 
and 
8 = random v a r i a b l e  r e p r e s e n t i n g  v a l u e  of h ( t  , 
bi+l 2 
where h ( t  i s  t h e  t i m e  b a s e  e r r o r  shown i n  F i g .  2.5-1. I t  h a s  been 
assumed i n  t h e  body of t h i s  r e p o r t  t h a t  8 and 8 are  Gaussian random 
v a r i a b l e s .  The c o r r e l a t i o n  between 8 and 8 i s  g i v e n  by Eq. 2.5-6. 




Gaussian random v a r i a b l e s  a s  
I n  t h i s  case R (T) i s  t h e  a u t o c o r r e l a t i o n  of h ( t )  which i s  g iven  by h 
Eq. 2.5-5. 
S i n c e  8 and 8 a r e  s e p a r a t e d  i n  t i m e  by one b i t  p e r i o d ,  1D0, 
1 2 

























- u1o2/Ro 2 2  
1 2 1 2  + x  - 2 x x e  
2ah [I - e 
2 
- 2m102’Rol 2 
(A - 2) 
S i n c e  x and x are t h e  values of h ( t  I and h ( t b  I ,  r e s p e c t i v e l y ,  
i t  can  be seen  from F ig .  2 .5-1  t h a t  f o r  tB t o  be 4 seconds t h e n  
bi i+ 1 
1 2 
+ x 2 1 -  (t + X I = & ,  
( tb  i+ 1 bi 1 
o r  
where t h e  f a c t  t h a t  t - t = 1 / R  as  shown i n  F i g .  2.5-1 h a s  
bi+l bi 0 
been u t i 1  k e d .  
S u b s t i t u t i o n  of Eq. A-3 i n t o  Eq. A-2 and s i m p l i f y i n g  g i v e s  t h e  
j o i n t  p r o b a b i l i t y  d e n s i t y  t h a t  t is 4 seconds and t h e  t i m e  base e r r o r  -B 
a t  t = tb  i s  x l ,  i . e . ,  
i 
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Completing t h e  square  i n  the  exponent i nvo lv ing  x and f u r t h e r  s impl i -  
1 
f i c a t i o n  g i v e s  
2 
(4 - l / R o l  
-{4<[1 - e - w 1 2  w /R2]] 0 
e e 41 
To de termine  t h e  uncond i t iona l  p r o b a b i l i t y  d e n s i t y  f o r  t we simply B 
1 
i n t e g r a t e  the  j o i n t  d e n s i t y  g iven  i n  Eq. A - 4  o v e r  a l l  values f o r  x 
between -m t o  +oc), i . e . ,  
which y i e l d s  
p (4) = 
tB 
Eq. A - 5  is t h e  r e s u l t  g i v e n  in  Eq. 2.5-7.  
. (A - 5 1  
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